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COTENSOR COALGEBRAS IN MONOIDAL CATEGORIES
A. ARDIZZONI, C. MENINI AND D. S¸TEFAN
Abstract. We introduce the concept of cotensor coalgebra for a given bicomodule over a coal-
gebra in an abelian monoidal category. Under some further conditions we show that such a
cotensor coalgebra exists and satisfies a meaningful universal property. We prove that this coal-
gebra is formally smooth whenever the comodule is relative injective and the coalgebra itself is
formally smooth.
Introduction
Let C be a coalgebra over a field k and let M be a C-bicomodule. The cotensor coalgebra
T cC(M) was introduced by Nichols in [Ni] as a main tool to construct some new Hopf algebras
that he called ”bialgebras of type one”. These bialgebras can be reconstructed, via a bosonization
procedure, from the so called Nichols algebras, which are essentially the H-coinvariant elements of
the bialgebras of type one, in the case when C = H is a Hopf algebra and M is a Hopf bimodule.
Nichols algebras, also named quantum symmetric algebras in [Ro], have been deeply investigated
and appear as a main step in the classification of finite dimensional Hopf algebras problem (see, e.g.,
[AG] and [AS]). In fact, in the case that C = H is a Hopf algebra andM is a Hopf H-bimodule, the
cotensor coalgebra T cC(M) is a bialgebra that is called ”quantum shuffle Hopf algebra” by Rosso
in [Ro] where some fundamental properties of this bialgebra and of its coinvariant Hopf algebra
are investigated. The coalgebra of paths of a quiver Q is an instance of a cotensor coalgebra.
Namely let Q0 be the set of vertices and let Q1 be the set of arrows of Q. Then M = KQ1 is
a C-bicomodule where C = KQ0 is equipped with its natural coalgebra structure. The cotensor
coalgebra T cC(M) is the path coalgebra of the quiver Q. In [CR], Cibils and Rosso provide the
classification of path coalgebras which admit a graded Hopf algebra structure, allowing the quiver
to be infinite. On the other hand, in [JLMS], hereditary coalgebras with coseparable coradical
are characterized by means of a suitable cotensor coalgebra. Moreover it is proved that if C is
a formally smooth coalgebra (see Definition 4.12) and M is I-injective (see 4.2) then T cC(M) is
formally smooth.
In this paper we introduce the notion of cotensor coalgebra in an abelian monoidal category.
We would like to outline that this fact is not immediate. In fact the notion of coradical plays
a fundamental role in the usual definition for coalgebras over a field (see [Ni]) while we have
no coradical substitution here. Also, having developed in [AMS] the notion of formally smooth
coalgebras for abelian monoidal categories, we wanted to obtain the second quoted result of [JLMS]
in this more general setting, namely we prove Theorem 4.11. In a forthcoming paper we will deal
with the other quoted result, establishing a suitable criterion.
The paper is organized as follows.
In Section 1 we give the definition of abelian monoidal category (see Definition 1.4) and prove some
preliminary results on direct limits of direct systems in monoidal categories.
Section 2 is devoted to the construction of the cotensor coalgebra. Its coalgebra structure is
obtained (see Theorem 2.9) as a direct limit of a direct system of certain coalgebras defined by
means of Hochschild 2-cocycles. In Theorem 2.15 we we show that such a cotensor coalgebra exists
and satisfies a meaningful universal property.
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Section 3 deals with some technical results that we will use in Section 4 where we treat formal
smoothness of the cotensor coalgebra (see Theorem 4.15).
Finally, in Section 5, we relate our results with the classical one of vector spaces and prove a
criterion (Theorem 5.7) which establishes a strong universal property of the cotensor coalgebra for
the main abelian monoidal categories related to a Hopf algebra.
Notation. In a category M the set of morphisms from X to Y will be denoted by M(X,Y ).
If X is an object in M then the functor M(X,−) from M to Sets associates to any morphism
u : U → V in M the function that will be denoted by M(X,u).
1. Direct Limits in Monoidal Categories
1.1. A monoidal category means a categoryM that is endowed with a functor ⊗ :M×M→M,
an object 1 ∈M and functorial isomorphisms: aX,Y,Z : (X⊗Y )⊗Z → X⊗(Y ⊗Z), lX : 1⊗X → X
and rX : X ⊗ 1→ X. The functorial morphism a is called the associativity constraint and satisfies
the Pentagon Axiom, that is the following diagram
(U ⊗ V )⊗ (W ⊗X)
((U ⊗ V )⊗W )⊗X
aU⊗
V,W
,X
✲
U ⊗ (V ⊗ (W ⊗X)
a
U,V,W
⊗X
✲
(U ⊗ (V ⊗W ))⊗X
aU,V⊗W,X✲
a
U
,V
,W
⊗
X ✲
U ⊗ ((V ⊗W )⊗X)
U
⊗
a V
,W
,X
✲
is commutative, for every U, V, W, X inM. The morphisms l and r are called the unit constraints
and they are assumed to satisfy the Triangle Axiom, i.e. the following diagram
(V ⊗ 1)⊗W
aV,1,W
✲ V ⊗ (1⊗W )
V ⊗W
✛ V
⊗
lW
r
V
⊗
W ✲
is commutative. The object 1 is called the unit of M.For details on monoidal categories we refer
to [Ka, Chapter XI] and [Maj]. A monoidal category is called strict if the associativity constraint
and unit constraints are the corresponding identity morphisms.
1.2. As it is noticed in [Maj, p. 420], the Pentagon Axiom solves the consistency problem that
appears because there are two ways to go from ((U ⊗ V )⊗W ) ⊗X to U ⊗ (V ⊗ (W ⊗X)). The
coherence theorem, due to S. Mac Lane, solves the similar problem for the tensor product of an
arbitrary number of objects inM. Accordingly with this theorem, we can always omit all brackets
and simply write X1⊗ · · ·⊗Xn for any object obtained from X1, . . . , Xn by using ⊗ and brackets.
Also as a consequence of the coherence theorem, the morphisms a, l, r take care of themselves,
so they can be omitted in any computation involving morphisms in M. The notions of algebra,
module over an algebra, coalgebra and comodule over a coalgebra can be introduced in the general
setting of monoidal categories. For more details, see [AMS].
Proposition 1.3. Let M be a monoidal category. Assume that M is also an abelian category.
Let C an D be coalgebras in M. Let X,Y ∈ CMD and let f : X → Y be a morphism of (C,D)-
bicomodules. Let H : CMD →M be the forgetful functor. Then
1) Coker(H(f)) carries a natural (C,D)-bicomodule structure (such that the definition map is a
morphism of bicomodules) that makes it the cokernel of f in CMD.
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2) if the functor C ⊗ (−) ⊗D : M→M is left exact (e.g. the tensor functors are left exact),
then Ker(H(f)) carries a natural (C,D)-bicomodule structure (such that the definition map is a
morphism of bicomodules) that makes it the kernel of f in CMD.
Proof. Since the dual category of an abelian category is an abelian category, the conclusion follows
by applying [Ar2, Proposition 3.3]. 
The previous proposition justifies the following definition.
Definition 1.4. A monoidal category (M,⊗,1) will be called an abelian monoidal category
if:
(1) M is an abelian category
(2) both the functors X ⊗ (−) :M→M and (−)⊗X :M→M are additive and left exact,
for every object X ∈M.
Remark 1.5. The above definition of abelian monoidal category is dual to [AMS, Definition 1.8],
where algebras were investigated. Therefore, we should have used the terminology ”dual abelian
monoidal category”, which we had not for matter of style.
1.6. Let E be a coalgebra in an abelian monoidal category M. Let us recall, (see [Mo, page 60]),
the definition of wedge product of two subobjects X,Y of E in M :
X ∧E Y := Ker[(pX ⊗ pY ) ◦ △E],
where pX : E → E/X and pY : E → E/Y are the canonical quotient maps.
Proposition 1.7. Let (M,⊗,1) be an abelian monoidal category. Let (C,∆, ε) be a coalgebra in
M and let L be a C-bicomodule. Let f : C → L be a morphism in CMC , where C is regarded as
a bicomodule via ∆. Then (D, δ) := Ker(f) carries a natural coalgebra structure such that δ is a
morphism of coalgebras.
Proof. By Proposition 1.3, D is a C-bicomodule and δ is a morphism of bicomodules. Denote by
ρlD and ρ
r
D the left and the right C-comodule structure of D respectively.
By left exactness of the tensor functors, we have that (D⊗D,D⊗ δ) = Ker(D⊗ f). Consider the
following diagram:
0 ✲ D ⊗D
D ⊗ δ✲ D ⊗ C
D ⊗ f✲ D ⊗ L
D
ρrD
✻
✛..........................
∆
D
We have:
(δ ⊗ L)(D ⊗ f)ρrD = (C ⊗ f)(δ ⊗ C)ρ
r
D =(C ⊗ f)∆δ = ρ
l
Lfδ = 0.
By left exactness of the tensor functors, δ⊗L is a monomorphism, so that we get (D⊗f)ρrD = 0 and
hence, by the universal property of the kernel, there exists a unique morphism ∆D : D → D ⊗D
in M such that (D ⊗ δ)∆D = ρ
r
D.
Let us prove that ∆D is coassociative. Since
(1) (δ ⊗ δ)∆D = (δ ⊗ C)(D ⊗ δ)∆D = (δ ⊗ C)ρ
r
D = ∆δ,
we get:
(δ ⊗ δ ⊗ δ)(∆D ⊗D)∆D = (∆⊗ C)(δ ⊗ δ)∆D
= (∆⊗ C)∆δ
= (C ⊗∆)∆δ
= (C ⊗∆)(δ ⊗ δ)∆D = (δ ⊗ δ ⊗ δ)(D ⊗∆D)∆D.
By left exactness of the tensor functors, δ ⊗ δ ⊗ δ = (C ⊗ C ⊗ δ)(δ ⊗ C ⊗ D)(D ⊗ δ ⊗ D) is a
monomorphism so that we obtain (∆D ⊗D)∆D = (D ⊗∆D)∆D.
Set εD := εCδ : D → 1. Then we have:
(δ ⊗ 1)(D ⊗ εD)∆D = (C ⊗ εC)(δ ⊗ δ)∆D = (C ⊗ εC)∆δ = r
−1
C δ = (δ ⊗ 1)r
−1
D .
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Since (δ⊗1) is a monomorphism, we have (D⊗εD)∆D = r
−1
D . Analogously one gets (εD⊗D)∆D =
l−1D . Thus (D,∆D, εD) is a coalgebra and by relation (1) and definition of εD, δ is a homomorphism
of coalgebras. 
Proposition 1.8. Let M be a monoidal category with direct limits. Let ((Xi)i∈N, (ξ
j
i )i,j∈N) be a
direct system in M, where, for i ≤ j, ξji : Xi → Xj. Assume that Xi is a coalgebra and that ξ
j
i is
a homomorphism of coalgebras for any i, j ∈ N. Then lim−→Xi carries a natural coalgebra structure
that makes it the direct limit of ((Xi)i∈N, (ξ
j
i )i,j∈N) as a direct system of coalgebras.
Proof. Let (Xi,∆Xi , εXi) be a coalgebra in (M,⊗,1) for any i ∈ N. Set X := lim−→
Xi. Let (ξi :
Xi → X)i∈N be the structural morphism of the direct limit, so that ξjξ
j
i = ξi for any i ≤ j. We
put
∆i = (ξi ⊗ ξi)∆Xi : Xi → X ⊗X, for any i ∈ N.
Since ξji is a homomorphism of coalgebras, we have that:
∆jξ
j
i = (ξj ⊗ ξj)∆Xj ξ
j
i = (ξj ⊗ ξj)(ξ
j
i ⊗ ξ
j
i )∆Xi = (ξi ⊗ ξi)∆Xi = ∆i,
so that there exists a unique morphism ∆ : X → X ⊗X such that
(2) ∆ξi = ∆i = (ξi ⊗ ξi)∆Xi for any i ∈ N.
Let us prove that ∆ is coassociative:
(X ⊗∆)∆ξi = (X ⊗∆)(ξi ⊗ ξi)∆Xi
= (ξi ⊗ ξi ⊗ ξi)(Xi ⊗∆Xi)∆Xi
= (ξi ⊗ ξi ⊗ ξi)(∆Xi ⊗Xi)∆Xi
= (∆⊗X)(ξi ⊗ ξi)∆Xi = (∆⊗X)∆ξi.
Since the relation above holds true for any i ∈ N, by the universal property of the direct limit we
deduce that (X ⊗∆)∆ = (∆ ⊗X)∆. Now, as ξji is a homomorphism of coalgebras, εXj ξ
j
i = εXi .
Hence, there exists a unique morphism ε : X → 1 such that
(3) εξi = εXi for any i ∈ N.
Then we have:
(X ⊗ ε)∆ξi = (X ⊗ ε)(ξi ⊗ ξi)∆Xi = (ξi ⊗ 1)(Xi ⊗ εXi)∆Xi = (ξi ⊗ 1)r
−1
Xi
= r−1X ξi.
Since the relation above holds true for any i ∈ N, by the universal property of direct limits we
deduce that (X ⊗ ε)∆ = r−1X . Analogously one gets (ε⊗X)∆ = l
−1
X . Thus (X,∆, ε) is a coalgebra
in M. Note that relations (2) and (3) mean that ξi : Xi → X is a homomorphism of coalgebras.
Let now (C,∆C , εC) be a coalgebra in M and let (fi : Xi → C)i∈N be a compatible family of
morphisms of coalgebras in M. Since (fi : Xi → C)i∈N is a compatible family of morphisms in
M, there exists a unique morphism f : X → C such that fξi = fi for any i ∈ N. We prove that f
is a homomorphism of coalgebras. We have:
(f ⊗ f)∆ξi = (f ⊗ f)(ξi ⊗ ξi)∆Xi = (fi ⊗ fi)∆Xi = ∆Cfi = ∆Cfξi; εCfξi = εCfi = εXi = εξi.
Since the relations above hold true for any i ∈ N, by the universal property of the direct limit we
deduce that
(f ⊗ f)∆ = ∆Cf ; εCf = ε.

1.9. Let X be an object in an abelian monoidal category (M,⊗,1). Set
X⊗0 = 1, X⊗1 = X and X⊗n = X⊗n−1 ⊗X, for every n > 1
and for every morphism f : X → Y in M, set
f⊗0 = Id1, f
⊗1 = f and f⊗n = f⊗n−1 ⊗ f, for every n > 1.
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Let (C,∆C , εC) be a coalgebra in M and for every n ∈ N, define the n
th iterated comultiplication
of C, ∆nC : C → C
⊗n+1, by
∆0C = IdC , ∆
1
C = ∆C and ∆
n
C =
(
∆⊗n−1C ⊗ C
)
∆C , for every n > 1.
Let δ : D → C be a monomorphism which is a homomorphism of coalgebras in M. Denote by
(L, p) the cokernel of δ inM. Regard D as a C-bicomodule via δ and observe that, by Proposition
1.3, L is a C-bicomodule and p is a morphism of bicomodules. Let
(D∧
n
C , δn) := Ker(p
⊗n∆n−1C )
for any n ∈ N \ {0}. Note that (D∧
1
C , δ1) = (D, δ) and (D
∧2C , δ2) = D ∧C D.
In order to simplify the notations we set (D∧
0
C , δ0) = (0, 0).
Now, if we assume that M has left exact tensor functors, by Proposition 1.7, since p⊗n∆n−1C is a
morphism of C-bicomodules (as a composition of morphisms of C-bicomodules), we get that D∧
n
C
is a coalgebra and δn : D
∧nC → C is a coalgebra homomorphism for any n > 0 and hence for any
n ∈ N.
Proposition 1.10. Let δ : D → C be a monomorphism which is a homomorphism of coalgebras
in an abelian monoidal category M. Then for any i ≤ j in N there is a (unique) morphism
ξji : D
∧iC → D∧
j
C such that
(4) δjξ
j
i = δi.
Moreover ξji is a coalgebra homomorphism and ((D
∧iC )i∈N, (ξ
j
i )i,j∈N) is a direct system in M whose
direct limit, if it exists, carries a natural coalgebra structure that makes it the direct limit of
((D∧
i
C )i∈N, (ξ
j
i )i,j∈N) as a direct system of coalgebras.
Proof. Set Di := D∧
i
C for any i ∈ N. Consider the following diagram:
0 ✲ Di+1
δi+1 ✲ C
p⊗i+1∆iC✲ L⊗i+1
Di
δi
✻
✛........................
ξ i+1i
Let i > 0. Since δi = Ker(p
⊗i∆i−1C ) is a coalgebra homomorphism, we have:
p⊗i+1∆iCδi = p
⊗i+1(C ⊗∆i−1C )∆Cδi
= p⊗i+1(C ⊗∆i−1C )(δi ⊗ δi)∆Di = (pδi ⊗ p
⊗i∆i−1C δi)∆Di = 0.
Then, for any i ≥ 1, by the universal property of the kernel, there exists a unique morphism
ξi+1i : D
i → Di+1 such that δi+1ξ
i+1
i = δi. Set ξ
1
0 = 0 and for any j > i, define:
ξji = ξ
j
j−1ξ
j−1
j−2 · · · ξ
i+2
i+1ξ
i+1
i : D
i → Dj .
In such a way we obviously obtain a direct system in M. Let us prove that ξji is a homomorphism
of coalgebras for any j > i. It is clearly sufficient to verify this for j = i+ 1.
As δi+1 and δi are coalgebra homomorphisms, we have
(δi+1 ⊗ δi+1)∆Di+1ξ
i+1
i = ∆Dδi+1ξ
i+1
i = ∆Dδi = (δi ⊗ δi)∆Di = (δi+1 ⊗ δi+1)(ξ
i+1
i ⊗ ξ
i+1
i )∆Di .
Since the tensor functors are left exact, δi+1⊗δi+1 is a monomorphism so that we get ∆Di+1ξ
i+1
i =
(ξi+1i ⊗ ξ
i+1
i )∆Di . Moreover we have
εDi+1ξ
i+1
i = εDδi+1ξ
i+1
i = εDδi = εDi .
The last assertion follows by Proposition 1.8. 
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Notation 1.11. Let δ : D → C be a homomorphism of coalgebras in a cocomplete abelian monoidal
category M. By Proposition 1.10 ((D∧
i
C )i∈N, (ξ
j
i )i,j∈N) is a direct system in M whose direct limit
carries a natural coalgebra structure that makes it the direct limit of ((D∧
i
C )i∈N, (ξ
j
i )i,j∈N) as a
direct system of coalgebras.
From now on we set: (D˜C , (ξi)i∈N) = lim−→
(D∧
i
C )i∈N, where ξi : D
∧iC → D˜C denotes the structural
morphism of the direct limit. We simply write D˜ if there is no danger of confusion. We note
that, since D˜ is a direct limit of coalgebras, the canonical (coalgebra) homomorphisms (δi : D
∧iC →
C)i∈N, which are compatible by (4), factorize to a unique coalgebra homomorphism δ˜ : D˜ → C such
that δ˜ξi = δi for any i ∈ N.
2. Cotensor coalgebra
2.1. Let (C,∆, ε) be an coalgebra in (M,⊗,1) and let
(
L, ρlL, ρ
r
L
)
be a C-bicomodule. Recall that
a morphism ζ : L→ C ⊗ C is called a Hochschild 2-cocyle whenever
b2(ζ) = (ζ ⊗ C) ◦ ρrL − (C ⊗∆) ◦ ζ + (∆⊗ C) ◦ ζ − (C ⊗ ζ) ◦ ρ
l
L
is zero. See 4.1.
Definition 2.2. Let (C,∆C , εC) be a coalgebra in (L,⊗,1) and let (L, ρl, ρr) be a bicomodule
over C. A Hochschild extension of C with cokernel L, is an exact sequence in M:
(E) 0 ✲ C
σ✲ E
p✲ L ✲ 0
that satisfy the following conditions:
a) (E,∆E , εE) is a coalgebra in M ;
b) σ is a homomorphism of coalgebras that has a retraction π in M;
c) C ∧E C = E, that is (p⊗ p)∆ = 0;
d) the morphisms ρl and ρr fulfill the following relations
ρlp = (π ⊗ p)∆E ρrp = (p⊗ π)∆E .
The following result will lead to the definition of a coalgebra structure for the cotensor coalgebra.
Lemma 2.3. Let (C,∆, ε) be a coalgebra in an abelian monoidal category M and let (L, ρrL, ρ
l
L) a
C-bicomodule. Suppose that ζ : L→ C ⊗ C is a morphism in M.
Define ∆ζ : C ⊕ L→ (C ⊕ L)⊗ (C ⊕ L) and εζ : C ⊕ L→ 1 by:
∆ζ := (iC ⊗ iC)∆pC +
[
(iL ⊗ iC) ρ
r
L + (iC ⊗ iL) ρ
l
L − (iC ⊗ iC) ζ
]
pL,(5)
εζ := εpC + l1 (ε⊗ ε) ζpL,(6)
where iC , iL are the canonical injections in C⊕L and pC , pL are the canonical projections. Then
∆ζ is a coassociative comultiplication if and only if ζ is a Hochschild 2-cocycle. Moreover, in this
case, (C ⊕ L,∆ζ , εζ) is a coalgebra and iC : C → (C ⊕ L,∆ζ , εζ) is a Hochschild extension of C
with cokernel (L, pL). This extension will be denoted by Eζ .
Proof. The dual of an abelian monoidal category is an abelian monoidal category in the sense of
[AMS, Definition 1.8]. The conclusion follows by applying [AMS, Lemma 2.5]. 
Let M be an abelian monoidal category and let C be a coalgebra in (M,⊗,1). Given a right
C-bicomodule (V, ρrV ) and a left C-comodule (W,ρ
l
W ), their cotensor product over C in M is
defined to be the equalizer (VCW,χ) of the couple of morphism (ρ
r
V ⊗W,V ⊗ ρ
l
W ):
0 ✲ VCW
χ✲ V ⊗W
ρrV ⊗W✲
V ⊗ ρlW
✲ V ⊗ C ⊗W.
Since the tensor functors are left exact, in view of Proposition 1.3, then VCW is also a C-
bicomodule, namely it is C-sub-bicomodule of V ⊗W , whenever V and W are C-bicomodules.
Furthermore, in this case, the category (CMC ,C , C) is still an abelian monoidal category; the
associative and unit constraints are induced by the ones inM (the proof is dual to [AMS, Theorem
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1.11]). Therefore, also using C , one can forget about brackets. Moreover the functors MC(−) :
CM→M and (−)CM :M
C →M are left exact for any M ∈M.
We will write  instead of C , whenever there is no danger of misunderstanding.
2.4. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal categoryM and let (M,ρrM , ρ
l
M )
be a C– bicomodule. Set
M0 = C,M1 =M and Mn =Mn−1M for any n > 1
and define (Cn(M))n∈N by
C0(M) = 0, C1(M) = C and Cn(M) = Cn−1(M)⊕Mn−1 for any n > 1.
Let σi+1i : C
i(M)→ Ci+1(M) be the canonical inclusion and for any j > i, define:
σji = σ
j
j−1σ
j−1
j−2 · · ·σ
i+2
i+1σ
i+1
i : C
i(M)→ Cj(M).
Then ((Ci(M))i∈N, (σ
j
i )i,j∈N) is a direct system in M. We set
T cC(M) =
⊕
n∈N
Mn = C ⊕M ⊕M2 ⊕M3 ⊕ · · ·
and we denote by σi : C
i(M)→ T cC(M) the canonical inclusion.
Throughout let
πmn : C
n(M)→ Cm(M) (m ≤ n), πn : T
c
C(M)→ C
n(M),
pmn : C
n(M)→Mm (m < n), pn : T
c
C(M)→M
n,
be the canonical projections and let
σnm : C
m(M)→ Cn(M) (m ≤ n), σn : C
n(M)→ T cC(M),
inm : M
m → Cn(M) (m < n), im :M
m → T cC(M),
be the canonical injection for any m,n ∈ N.
For technical reasons we set πmn = 0, σ
n
m = 0 for any n < m and p
m
n = 0, i
n
m = 0 for any n ≤ m.
Then, we have the following relations:
pnσk = p
n
k , pnik = δn,kIdMk , πnik = i
n
k .
Moreover, we have:
πmn σ
n
k = σ
m
k , if k ≤ m ≤ n, and π
m
n σ
n
k = π
m
k , if m ≤ k ≤ n,
pmn π
n
k = p
m
k , if m < n ≤ k, and σ
m
n i
n
k = i
m
k , if k < n ≤ m,
pmn σ
n
k = p
m
k , if m < k ≤ n, and π
m
n i
n
k = i
m
k , if k < m ≤ n,
pmn πn = pm, if m < n, and σni
n
m = im, if m < n,
πnσk = σ
n
k , if k ≤ n, and πnσk = π
n
k , if n ≤ k,
pmn i
n
m = IdMm , if m < n.
In the other cases, these compositions are zero.
Proposition 2.5. Let M be a cocomplete abelian category. Let (Vi)i∈N be a family of objects in
M and let (V, vi) = ⊕i∈NVi be the direct sum of the family (Vi)i∈N. Then
(V,∇ni=0(vi)) = lim−→
(⊕ni=0Vi),
where ∇ni=0(vi) : ⊕
n
i=0Vi → V denotes the codiagonal morphism associated to the family (vi)
n
i=0 .
Proof. Set V n := ⊕ni=0Vi, for any n ∈ N, and let w
n
m : V
m → V n be the canonical inclusion for
m ≤ n. Let (fn : V
n → X)n be a compatible family of morphisms in M, i.e. fnw
n
m = fm for any
m ≤ n. Let vnm : Vm → V
n be the canonical inclusion for every m ≤ n and let vnm = 0 otherwise.
Note that the morphism ∇ni=0(vi) : V
n → V is uniquely defined by the following relation:
[∇ni=0(vi)] v
n
m = vm, for every m ≤ n.
Observe that, for every m ≤ n ≤ t, we have
ftv
t
m = ftw
t
nv
n
m = fnv
n
m
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so that, by the universal property of the direct sum, there exists a unique morphism f : V → X
such that
(7) fvm = fnv
n
m,
for any m ∈ N, where n ∈ N and m ≤ n. Thus
fnv
n
m = fvm = f [∇
n
i=0(vi)] v
n
m for every m ≤ n.
By the universal property of V n := ⊕ni=0Vi, fn is the unique morphism that composed with v
n
m
gives fnv
n
m for any m ≤ n. We get that
fn = f [∇
n
i=0(vi)] , for every n ∈ N.
In order to conclude that V = lim−→V
i, it remains to prove that f : V → X is the unique morphism
with this property. Let g : V → X be a morphism such that fn = g [∇
n
i=0(vi)] for every n ∈ N.
Then
fvm = fnv
n
m = g [∇
n
i=0(vi)] v
n
m = gvm for every m,n ∈ N,m ≤ n.
By uniqueness of f with respect to (7), we get g = f. 
Corollary 2.6. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M and
let (M,ρrM , ρ
l
M ) be a C-bicomodule. Then
(T cC(M), (σn)n∈N) = lim−→C
n(M).
Proof. Just observe that Cn(M) = ⊕n−1m=0M
m and σn = ∇
n−1
m=0(im). 
2.7. Note that Mn is a C-bicomodule via ρln := ρ
l
MM
n−1 and ρrn :=M
n−1
ρrM .
Our next aim is to define, for any n ∈ N \ {0}, a Hochschild 2-cocycle
ζn :Mn → Cn(M)⊗ Cn(M).
Then we will apply Lemma 2.3 to obtain that, for any n > 0, Cn+1(M) = Cn(M)⊕Mn can be
endowed with a coalgebra structure
(
Cn+1(M),∆ζn , εζn
)
in M such that the canonical inclusion
σn+1n : C
n(M) → Cn+1(M) is a Hochschild extension of Cn(M) with cokernel Mn. Then, by
Proposition 1.8, T cC(M) will carry a natural coalgebra structure that makes it the direct limit of
((Ci(M))i∈N, (σ
j
i )i,j∈N) as a direct system of coalgebras.
Let χM :MM →M ⊗M be the canonical inclusion and define
(8) ζ1 = 0 and ζn = −
∑n−1
t=1
(int ⊗ i
n
n−t)(M
t−1
χMM
n−1−t), ∀n > 1.
where we identify CX and XC with X, for any C-bicomodule X .
Proposition 2.8. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M and
let (M,ρrM , ρ
l
M ) be a C-bicomodule. Let
∆(1) = ∆, and ε(1) = ε,
ρl1 = ρ
l
M , and ρ
r
1 = ρ
r
M ,
and for every n ≥ 2 set
∆(n) = ∆ζn−1, and ε(n) = εζn−1 ,
as defined in (5), (6), and let
ρln = (σ
n
1 ⊗M
n)(ρlMM
n−1), and ρrn = (M
n ⊗ σn1 )(M
n−1
ρrM ).
Then, for any n ≥ 1, we have
a) (Cn(M),∆(n), ε(n)) is a coalgebra.
b) (Mn, ρln, ρ
r
n) is a C
n(M)-bicomodule such that the morphism ζn : Mn → Cn(M) ⊗
Cn(M), given by (8), defines a Hochschild 2-cocycle.
c) ε(n) = εCπ
1
n.
d) For every 1 ≤ t ≤ n− 1 we have
(9) ∆(n)int = (i
n
t ⊗ σ
n
t ) ρ
r
t + (σ
n
t ⊗ i
n
t ) ρ
l
t − (σ
n
t ⊗ σ
n
t ) ζ
t.
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e) ∆(n) fulfils the following relations:
∆(n)in0 = (i
n
0 ⊗ i
n
0 )∆
∆(n)in1 = (i
n
1 ⊗ i
n
0 ) ρ
r
M + (i
n
0 ⊗ i
n
1 ) ρ
l
M
and for 2 ≤ t ≤ n− 1
∆(n)int = (i
n
t ⊗ i
n
0 ) (M
t−1
ρrM ) + (i
n
0 ⊗ i
n
t ) (ρ
l
MM
t−1) +
+
∑t−1
r=1
(inr ⊗ i
n
t−r)(M
r−1
χMM
t−1−r).
Proof. Set Cn = Cn(M) for any n ≥ 1. Recall that Mn is a C-bicomodule via
ρln := ρ
l
MM
n−1, and ρrn :=M
n−1
ρrM .
Let us prove all the statements of the theorem by induction on n≥1.
If n = 1, then C1 = C is a coalgebra and M1 = M is a C1-bicomodule by hypothesis.
Obviously ζ1 = 0 fulfills (12). We have ε(1) = ε = εCπ
1
1 and, since i
1
0 = IdC and i
1
1 = 0, we get
∆(1)i10 = ∆ =
(
i10 ⊗ i
1
0
)
∆, ∆(1)i11 = 0 =
(
i11 ⊗ i
1
0
)
ρrM +
(
i10 ⊗ i
1
1
)
ρlM .
Let n ≥ 2. Assume all the assertions hold true for any 1 ≤ t < n.
Thus (Cn−1,∆(n− 1), ε(n− 1)) is a coalgebra in M, (Mn−1, ρln−1, ρ
r
n−1) is a C
n−1-bicomodule
and ζn−1 is a 2-cocycle. By Lemma 2.3 applied to ”C” = Cn−1 and ”M” = Mn−1, then
(Cn,∆(n), ε(n)) is a coalgebra.Moreover σtt−1 : C
t−1 → Ct is a Hochschild extension of Ct−1 with
cokernel Mt−1 for any 1 ≤ t < n.
Since (Mn, ρln, ρ
r
n) is a C-bicomodule and σ
n
1 : C → C
n is a coalgebra homomorphism (as a
composition of coalgebra homomorphism), then (Mn, ρln, ρ
r
n) is a C
n-bicomodule, where
ρln = (σ
n
1 ⊗M
n)(ρlMM
n−1), and ρrn = (M
n ⊗ σn1 )(M
n−1
ρrM ).
Recall that, by definition, we have:
∆(n) = ∆ζn−1
=
(
σnn−1 ⊗ σ
n
n−1
)
∆(n− 1)πn−1n +
[ (
inn−1 ⊗ σ
n
n−1
)
ρrn−1 +
(
σnn−1 ⊗ i
n
n−1
)
ρln−1+
−
(
σnn−1 ⊗ σ
n
n−1
)
ζn−1
]
pn−1n ,
For any 0 ≤ t ≤ n− 1, we have that[(
inn−1 ⊗ σ
n
n−1
)
ρrn−1 +
(
σnn−1 ⊗ i
n
n−1
)
ρln−1 −
(
σnn−1 ⊗ σ
n
n−1
)
ζn−1
]
pn−1n i
n
t
=
[(
inn−1 ⊗ σ
n
n−1
)
ρrn−1 +
(
σnn−1 ⊗ i
n
n−1
)
ρln−1 −
(
σnn−1 ⊗ σ
n
n−1
)
ζn−1
]
δt,n−1
so that we obtain
(10)
∆(n)int =
(
σnn−1 ⊗ σ
n
n−1
)
∆(n− 1)πn−1n i
n
t +
[ (
inn−1 ⊗ σ
n
n−1
)
ρrn−1 +
(
σnn−1 ⊗ i
n
n−1
)
ρln−1
−
(
σnn−1 ⊗ σ
n
n−1
)
ζn−1
]
δt,n−1.
For t = 0 < n− 1, we have:
∆(n)in0 =
(
σnn−1 ⊗ σ
n
n−1
)
∆(n− 1)in−10 ,
so that, inductively we get:
∆(n)in0 =
(
σnn−1 ⊗ σ
n
n−1
) (
in−10 ⊗ i
n−1
0
)
∆C = (i
n
0 ⊗ i
n
0 )∆C .
Let us prove that for every t ∈ N, such that 0 < t ≤ n− 1 we have (9).
Now, we apply (10). If t = n− 1, we get
∆(n)int =
(
inn−1 ⊗ σ
n
n−1
)
ρrn−1 +
(
σnn−1 ⊗ i
n
n−1
)
ρln−1 −
(
σnn−1 ⊗ σ
n
n−1
)
ζn−1.
If 0 < t < n− 1, we get
∆(n)int =
(
σnn−1 ⊗ σ
n
n−1
)
∆(n− 1)in−1t
=
(
σnn−1 ⊗ σ
n
n−1
) [(
in−1t ⊗ σ
n−1
t
)
ρrt +
(
σn−1t ⊗ i
n−1
t
)
ρlt −
(
σn−1t ⊗ σ
n−1
t
)
ζt
]
= (int ⊗ σ
n
t ) ρ
r
t + (σ
n
t ⊗ i
n
t ) ρ
l
t − (σ
n
t ⊗ σ
n
t ) ζ
t.
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Thus we have obtained (9). Note that, for t = 1, by definition of ρl1, ρ
r
1 and since ζ
1 = 0, one gets
∆(n)in1 = (i
n
1 ⊗ σ
n
1 ) ρ
r
1 + (σ
n
1 ⊗ i
n
1 ) ρ
l
1 = (i
n
1 ⊗ i
n
0 ) ρ
r
M + (i
n
0 ⊗ i
n
1 ) ρ
l
M .
For 2 ≤ t ≤ n− 1, by definition of ρln, ρ
r
n and of ζ
t, from (9), we get:
∆(n)int = (i
n
t ⊗ σ
n
t ) (M
t ⊗ σt1)(M
t−1
ρrM ) + (σ
n
t ⊗ i
n
t ) (σ
t
1 ⊗M
t)(ρlMM
t−1) +
+
∑t−1
r=1
(σnt ⊗ σ
n
t ) (i
t
r ⊗ i
t
t−r)(M
r−1
χMM
t−1−r),
so that we obtain:
∆(n)int = (i
n
t ⊗ i
n
0 ) (M
t−1
ρrM ) + (i
n
0 ⊗ i
n
t ) (ρ
l
MM
t−1) +
+
∑t−1
r=1
(inr ⊗ i
n
t−r)(M
r−1
χMM
t−1−r).
Moreover, by definition, we have:
(11) ε(n) = εζn−1 = ε(n− 1)π
n−1
n + l1[ε(n− 1)⊗ ε(n− 1)]ζ
n−1pn−1n .
Since n ≥ 2 and ε(n− 1) = εCπ
1
n−1, by (11), we have
ε(n) = εCπ
1
n−1π
n−1
n + l1(εCπ
1
n−1⊗εCπ
1
n−1)ζ
n−1pn−1n = εCπ
1
n+ l1(εC⊗εC)(π
1
n−1⊗π
1
n−1)ζ
n−1pn−1n .
By definition of ζn−1, if n = 2 we have ζ1 = 0 so that (π1n−1⊗π
1
n−1)ζ
n−1 = 0. If n ≥ 3, we have
(π1n−1 ⊗ π
1
n−1)ζ
n−1 =
∑n−2
t=1
(π1n−1 ⊗ π
1
n−1)(i
n−1
t ⊗ i
n−1
n−1−t)(M
t−1
χMM
n−2−t) = 0.
We conclude that (π1n ⊗ π
1
n)ζ
n−1 = 0 for any n ≥ 2 and hence ε(n) = εCπ
1
n.
Recall that ζn is a 2-cocycle means that it verifies the following relation:
(12) 0 = b2(ζn) = (ζn ⊗ Cn)ρrn − [C
n ⊗∆(n)]ζn + [∆(n)⊗ Cn]ζn − (Cn ⊗ ζn)ρln.
Now, since σn1 = i
n
0 and n ≥ 2, we have
−(ζn ⊗ Cn)ρrn =
∑n−1
t=1
[(int ⊗ i
n
n−t)(M
t−1
χMM
n−1−t)⊗ Cn](Mn ⊗ σn1 )(M
n−1
ρrM )
=
∑n−1
t=1
(int ⊗ i
n
n−t ⊗ σ
n
1 )(M
t−1
χMM
n−1−t ⊗ C)(Mn−1ρrM )
=
∑n−1
t=1
(
int ⊗ i
n
n−t ⊗ i
n
0
)
(Mt ⊗Mn−1−tρrM )(M
t−1
χMM
n−1−t)
and
− [Cn ⊗∆(n)]ζn
= [Cn ⊗∆(n)]
∑n−1
t=1
(int ⊗ i
n
n−t)(M
t−1
χMM
n−1−t)
=
∑n−1
t=1
(int ⊗∆(n)i
n
n−t)(M
t−1
χMM
n−1−t)
=
∑n−1
t=1
{int ⊗
[
(inn−t ⊗ i
n
0 ) (M
n−t−1
ρrM ) + (i
n
0 ⊗ i
n
n−t) (ρ
l
MM
n−t−1)+
+
∑
n−t−1
r=1
(inr ⊗ i
n
n−t−r)(M
r−1
χMM
n−t−1−r)
]
}(Mt−1χMM
n−1−t)
=
∑n−1
t=1
(int ⊗ i
n
n−t ⊗ i
n
0 ) (M
t ⊗Mn−t−1ρrM)(M
t−1
χMM
n−1−t)+
+
∑n−1
t=1
(int ⊗ i
n
0 ⊗ i
n
n−t) (M
t ⊗ ρlMM
n−t−1)(Mt−1χMM
n−1−t)+
+
∑n−1
t=1
∑n−t−1
r=1
(int ⊗ i
n
r ⊗ i
n
n−t−r)(M
t ⊗Mr−1χMM
n−t−1−r)(Mt−1χMM
n−1−t)
= −(ζn ⊗ Cn)ρr
n
+
∑n−1
t=1
(int ⊗ i
n
0 ⊗ i
n
n−t) (M
t ⊗ ρlMM
n−t−1)(Mt−1χMM
n−1−t)+
+
∑n−1
t=1
∑n−t−1
r=1
(int ⊗ i
n
r ⊗ i
n
n−t−r)(M
t ⊗Mr−1χMM
n−t−1−r)(Mt−1χMM
n−1−t)
Analogously one has
−(Cn ⊗ ζn)ρln =
∑n−1
t=1
(in0 ⊗ i
n
t ⊗ i
n
n−t)(ρ
l
MM
t−1Mn−t)(Mt−1χMM
n−1−t)
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and
[∆(n)⊗ Cn]ζn
= −(Cn ⊗ ζn)ρl
n
+
∑n−1
t=1
(int ⊗ i
n
0 ⊗ i
n
n−t) (M
t−1
ρ
r
M ⊗M
n−t)(Mt−1χMM
n−1−t) +
+
∑n−1
t=1
∑t−1
r=1
(inr ⊗ i
n
t−r ⊗ i
n
n−t)(M
r−1
χMM
t−1−r ⊗Mn−t)(Mt−1χMM
n−1−t).
Now, for any 1 ≤ t ≤ n− 1, by definition of χM we have(
int ⊗ i
n
0 ⊗ i
n
n−t
)
(Mt−1ρrM ⊗M
n−t)(Mt−1χMM
n−1−t)
=
(
int ⊗ i
n
0 ⊗ i
n
n−t
)
(
[
Mt−1(ρrM ⊗M)χMM
n−1−t
]
=
(
int ⊗ i
n
0 ⊗ i
n
n−t
)
(
[
Mt−1(M ⊗ ρlM )χMM
n−1−t
]
=
(
int ⊗ i
n
0 ⊗ i
n
n−t
)
(Mt ⊗ ρlMM
n−1−t)(Mt−1χMM
n−1−t)
an also∑n−1
t=1
∑t−1
r=1
(inr ⊗ i
n
t−r ⊗ i
n
n−t)(M
r−1
χMM
t−1−r ⊗Mn−t)(Mt−1χMM
n−1−t)
=
∑n−1
t=1
∑t−1
r=1
(inr ⊗ i
n
t−r ⊗ i
n
n−t)(M
r ⊗Mt−1−rχMM
n−1−t)(Mr−1χMM
n−1−r)
=
∑n−1
t=1
∑
r+j=t
r,j>0
(inr ⊗ i
n
j ⊗ i
n
n−t)(M
r ⊗Mj−1χMM
n−1−t)(Mr−1χMM
n−1−r)
=
∑
r+j+k=n
k,r,j>0
(inr ⊗ i
n
j ⊗ i
n
k )(M
r ⊗Mj−1χMM
k−1)(Mr−1χMM
n−1−r)
=
∑n−1
t=1
∑
r+k=t
r,k>0
(int ⊗ i
n
r ⊗ i
n
k )(M
t ⊗Mr−1χMM
k−1)(Mt−1χMM
n−1−t)
=
∑n−1
t=1
∑n−t−1
r=1
(int ⊗ i
n
r ⊗ i
n
n−t−r)(M
t ⊗Mr−1χMM
n−t−1−r)(Mt−1χMM
n−1−t)
Then ζn satisfies (12). 
Theorem 2.9. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M with left
exact tensor functors and let (M,ρrM , ρ
l
M ) be a C-bicomodule. (T
c
C(M), (σi)i∈N) carries a natural
coalgebra structure that makes it the direct limit of ((Ci(M))i∈N, (σ
j
i )i,j∈N) as a direct system of
coalgebras.
Proof. By Proposition 2.8, for any n ∈ N\ {0}, the canonical inclusion σnn−1 : C
n−1(M)→ Cn(M)
is a Hochschild extension of Cn−1(M) with cokernel Mn−1. In particular σnn−1 is a coalgebra
homomorphism for any n ∈ N. Then, by 2.4, σnm is a coalgebra homomorphism for any m,n ∈ N.
Now, in view of Corollary 2.6 and Proposition 1.8, T cC(M) carries a natural coalgebra structure
that makes it the direct limit of ((Ci(M))i∈N, (σ
j
i )i,j∈N) as a direct system of coalgebras. 
Lemma 2.10. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M and let
(M,ρrM , ρ
l
M ) be a C-bicomodule. Let T := T
c
C(M). Then, for any m,n ≥ 1 the following relations
hold true:
(pm ⊗ pn)∆T = (M
m−1
χMM
n−1)pm+n, for any m,n ≥ 1;(13)
(pm ⊗ p0)∆T = (M
m−1
ρrM )pm, for any m ≥ 1;(14)
(p0 ⊗ pn)∆T = (ρ
l
MM
n−1)pn, for any n ≥ 1;(15)
(p0 ⊗ p0)∆T = ∆Cp0.(16)
Proof. By construction, the comultiplication ∆T of T is uniquely defined by the following relation
∆Tσi = (σi ⊗ σi)∆(i), for any i ∈ N,
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so that, for any m,n, k ≥ 0 we have
(pm ⊗ pn)∆T ik = (pm ⊗ pn)∆Tσk+1i
k+1
k
= (pm ⊗ pn)(σk+1 ⊗ σk+1)∆(k + 1)i
k+1
k = (p
m
k+1 ⊗ p
n
k+1)∆(k + 1)i
k+1
k .
Recall that:
∆(k + 1)ik+10 =
(
ik+10 ⊗ i
k+1
0
)
∆C
∆(k + 1)ik+11 =
(
ik+11 ⊗ i
k+1
0
)
ρrM +
(
ik+10 ⊗ i
k+1
1
)
ρlM
and for 2 ≤ t
∆(k + 1)ik+1t =
(
ik+1t ⊗ i
k+1
0
)
(Mt−1ρrM ) +
(
ik+10 ⊗ i
k+1
t
)
(ρlMM
t−1) +
+
∑t−1
r=1
(ik+1r ⊗ i
k+1
t−r )(M
r−1
χMM
t−1−r).
Then, for k = 0, 1 we have respecively
(pm ⊗ pn)∆T i0 = (p
m
1 ⊗ p
n
1 )∆(1)i
1
0 =
{
0, for m ≥ 1 or n ≥ 1;
∆(1)i10, for m = n = 0;
(pm ⊗ pn)∆T i1 = (p
m
2 ⊗ p
n
2 )∆(2)i
2
1
= (pm2 ⊗ p
n
2 )[
(
i21 ⊗ i
2
0
)
ρrM +
(
i20 ⊗ i
2
1
)
ρlM ] =


0, for m ≥ 1 and n ≥ 1;
δm,1ρ
r
M , for n = 0;
δn,1ρ
l
M , for m = 0;
while, for k ≥ 2,we have:
(pm ⊗ pn)∆T ik
= (pmk+1 ⊗ p
n
k+1)∆(k + 1)i
k+1
k
= (pmk+1 ⊗ p
n
k+1)
[ (
ik+1k ⊗ i
k+1
0
)
(Mk−1ρrM ) +
(
ik+10 ⊗ i
k+1
k
)
(ρlMM
k−1)
+
∑k−1
r=1(i
k+1
r ⊗ i
k+1
k−r)(M
r−1
χMM
k−1−r)
]
=


δn,k−m(M
m−1
χMM
n−1), for m ≥ 1 and n ≥ 1;
δ0,k−m(M
k−1
ρrM ), for n = 0;
δn,k(ρ
l
MM
k−1), for m = 0;
so that, for any k ≥ 0, we get:
(pm ⊗ pn)∆T ik = δn+m,k(M
m−1
χMM
n−1) = (Mm−1χMM
n−1)pm+nik, for any m,n ≥ 1;
(pm ⊗ p0)∆T ik = δm,k(M
k−1
ρrM ) = (M
m−1
ρrM )pmik, for any m ≥ 1;
(p0 ⊗ pn)∆T ik = δn,k(ρ
l
MM
k−1) = (ρlMM
n−1)pnik, for any n ≥ 1;
(p0 ⊗ p0)∆T ik = δ0,k∆(1) = ∆Cp0ik.
Therefore, we conclude. 
Proposition 2.11. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M and
let (M,ρrM , ρ
l
M ) be a C-bicomodule. Let T := T
c
C(M). Let E be a coalgebra and let α : E → T and
β : E → T be coalgebra homomorphisms. If p1α = p1β, then pnα = pnβ for any n ≥ 1.
Proof. Let us prove it by induction on n ≥ 1, the case n = 1 being true by assumption. Thus let
n ≥ 2 be such that pnα = pnβ. Then
(χMM
n−1)pn+1α
(13)
= (p1 ⊗ pn)∆Tα
= (p1α⊗ pnα)∆T
= (p1β ⊗ pnβ)∆T
= (p1 ⊗ pn)∆Tβ
(13)
= (χMM
n−1)pn+1β.
Since χM is a monomorphism, then, by left exactness of the tensor functors, χMM
n−1 is a
monomorphism too, so that pn+1α = pn+1β. 
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Our next aim is to prove the universal property of T cC(M).
Lemma 2.12. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M and let
(M,ρrM , ρ
l
M ) be a C-bicomodule. Let δ : D → E be a monomorphism which is a morphism of
coalgebras such that the canonical morphism δ˜ : D˜ → E of Notation 1.11 is a monomorphism.
Then we have
D∧
n
D˜ = (D∧
n
E , ξn).
Proof. Denote by (L, p) the cokernel of δ : D → E inM and by (L˜, p˜) the cokernel of ξ1 : D → D˜ in
M. Since pδ˜ξ1 = pδ = 0, by the universal property of the cokernel, there exists a unique morphism
λ : L˜→ L such that
λp˜ = pδ˜.
Since δ˜ is a monomorphism, so is λ. Therefore, we have that
D∧
n
D˜ := Ker(p˜⊗n∆n−1
D˜
) = Ker(λ⊗np˜⊗n∆n−1
D˜
) = Ker(p⊗nδ˜⊗n∆n−1
D˜
) = Ker(p⊗n∆n−1E δ˜).
We conclude by observing that, since, by definition, (D∧
n
E , δn = δ˜ξn) := Ker(p
⊗n∆n−1E ) where δ˜ is
a monomorphism, the following relation holds true
(D∧
n
E , ξn) = Ker(p
⊗n∆n−1E δ˜).

Theorem 2.13. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal category M and let
(M,ρrM , ρ
l
M ) be a C-bicomodule. Let δ : D → E be a monomorphism which is a homomorphism
of coalgebras such that the canonical morphism δ˜ : D˜ → E of Notation 1.11 is a monomorphism.
Let fC : D˜ → C be a coalgebra homomorphism and let fM : D˜ → M be a morphism of C-
bicomodules such that fMξ1 = 0, where D˜ is a C-bicomodule via fC . Then there is a unique
morphism f : D˜ → T cC(M) such that
fξn = σnfn, for any n ∈ N,
where
(17) fn =
∑n
t=0
int f
t
M ∆
t−1
D˜ ξn
and ∆
n
D˜ : D˜ → D˜
n+1 is the nth-iteration of ∆
D˜
(∆
−1
D˜ = fC ,∆
0
D˜ = IdD˜,∆
1
D˜ = ∆D˜ : D˜ → D˜D˜).
Moreover:
1) f is a coalgebra homomorphism;
2) p0f = fC and p1f = fM , where pn : T
c
C(M)→M
n denotes the canonical projection.
Furthermore, any coalgebra homomorphism f : D˜ → T cC(M) that fulfils 2) satisfies the following
relation:
(18) pkf = f
k
M ∆
k−1
D˜ for any k ∈ N.
Proof. Set T := T cC(M). Following (1.9), denote by (L, p) the cokernel of δ : D → E in M and let
(D∧
n
E , δn) := Ker (p
⊗n∆n−1E )
for any n ∈ N \ {0}, where ∆n : E → E⊗n+1 is the nth iterated comultiplication of E (∆0 =
IdE ,∆
1 := ∆E). Since fCξ1 : D → C is a coalgebra homomorphism, then D becomes a C-
bicomodule and ξ1 a morphism of C-bicomodules. Set C
n = Cn(M) and Dn = D∧
n
E for any
n ∈ N \ {0}. Define fn : D
n → Cn, for every n ∈ N, as in (17).
Note that, for every n ≥ 1, inn = 0 so that we have
fn =
∑n−1
t=0
int f
t
M ∆
t−1
D˜ ξn.
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Let us prove that fn+1ξ
n+1
n = σ
n+1
n fn for any n ∈ N. We have that
fn+1ξ
n+1
n =
∑n
t=0
in+1t f
t
M ∆
t−1
D˜ ξn+1ξ
n+1
n
=
∑n
t=0
in+1t f
t
M ∆
t−1
D˜ ξn
=
∑n−1
t=0
σn+1n i
n
t f
t
M ∆
t−1
D˜ ξn + i
n+1
n f
n
M ∆
n−1
D˜ ξn
= σn+1n fn + i
n+1
n f
n
M ∆
n−1
D˜ ξn.
Let (L˜, p˜) be the cokernel of ξ1 : D → D˜ in M. Let χL˜ : L˜L˜ → L˜ ⊗ L˜ be the canonical
injection. Define χn
L˜
: L˜n → L˜⊗n, for every n ∈ N, by setting χ0
L˜
= IdC , χ
1
L˜
= Id
L˜
, χ2
L˜
= χ
L˜
and χn
L˜
= (L˜⊗n−2 ⊗ χ
L˜
)(χn−1
L˜
L˜) for any n > 2. Since the tensor functors are left exact, χn
L˜
is a
monomorphism. By Lemma 2.12, we have
(D∧
n
E , ξn) = D
∧n
D˜ = Ker (p˜⊗n∆n−1
D˜
)
Thus, for any n ≥ 1, we have
Ker (p˜⊗n∆n−1
D˜
) = Ker (χn
L˜
◦ p˜n∆
n−1
D˜ ) = Ker (p˜
n∆
n−1
D˜ ).
so that we get
(19) p˜n∆
n−1
D˜ ξn = 0.
Now, since fMξ1 = 0, there is a unique morphism of C-bicomodules λ : L˜→M such that λp˜ = fM .
Thus:
(20) fnM ∆
n−1
D˜ ξk = λ
n(p˜n∆
n−1
D˜ ξn)ξ
n
k
(19)
= 0, for any k ≤ n.
We conclude that fn+1ξ
n+1
n = σ
n+1
n fn for any n ∈ N so that (σnfn : D
n → T )n is a compatible
family of morphisms in M. Thus there is a unique morphism f : D˜ → T such that
fξk = σkfk, for any k ∈ N.
We have that
(21) pnk
∑k
t=0
ikt f
t
M ∆
t−1
D˜ ξk = f
n
M ∆
n−1
D˜ ξk
for any 0 ≤ n < k. Note that, for k ≤ n, pnk = 0 and the right side of (21) is zero by (20). Thus,
the relation above holds true for any k, n ∈ N. Then we get:
pnfξk = pnσkfk = p
n
kfk = p
n
k
∑k
t=0
ikt f
t
M ∆
t−1
D˜ ξk = f
n
M ∆
n−1
D˜ ξk, for any k, n ∈ N.
We conclude that pnf = f
n
M ∆
n−1
E , for any n ∈ N. In particular, for n = 0, 1, we get p0f = ∆
−1
D˜ =
fC and p1f = fM∆
0
D˜ = fM .
We have now to prove that f is a coalgebra homomorphism. Let us check that fn : D
n → Cn is a
coalgebra homomorphism for every n ∈ N.
For n = 0, fn = 0 and there is nothing to prove.
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Assume n ≥ 1. By Proposition 2.8, we get:
∆(n)fn
=
∑n
t=0
∆(n)int f
t
M ∆
t−1
D˜ ξn
= ∆(n)in0f
0
M ∆
−1
D˜ ξn +∆(n)i
n
1 f
1
M ∆
0
D˜ξn +
∑n
t=2
∆(n)int f
t
M ∆
t−1
D˜ ξn
= ∆(n)in0fCξn +∆(n)i
n
1fMξn +
∑n
t=2
∆(n)int f
t
M ∆
t−1
D˜ ξn
= (in0 ⊗ i
n
0 )∆CfCξn +
[
(in1 ⊗ i
n
0 )ρ
r
M + (i
n
0 ⊗ i
n
1 )ρ
l
M
]
fMξn +
+
∑n
t=2
[
(int ⊗ i
n
0 ) (M
t−1
ρrM ) + (i
n
0 ⊗ i
n
t ) (ρ
l
MM
t−1)+∑t−1
r=1(i
n
r ⊗ i
n
t−r)(M
r−1
χMM
t−1−r)
]
ftM ∆
t−1
D˜ ξn
= (in0fC ⊗ i
n
0fC)∆D˜ξn +
[
(in1 ⊗ i
n
0 )ρ
r
M + (i
n
0 ⊗ i
n
1 )ρ
l
M
]
fMξn +
+
∑n
t=2
[
(int ⊗ i
n
0 ) (M
t−1
ρrM ) + (i
n
0 ⊗ i
n
t ) (ρ
l
MM
t−1)
]
ftM ∆
t−1
D˜ ξn +
+
∑n
t=2
∑t−1
r=1
(inr ⊗ i
n
t−r)(M
r−1
χMM
t−1−r)ftM ∆
t−1
D˜ ξn
= (in0fC ⊗ i
n
0fC)∆D˜ξn +
+
∑n
t=1
[
(int ⊗ i
n
0 ) (M
t−1
ρrM ) + (i
n
0 ⊗ i
n
t ) (ρ
l
MM
t−1)
]
ftM ∆
t−1
D˜ ξn +
+
∑n
t=2
∑t−1
r=1
(inr ⊗ i
n
t−r)(M
r−1
χMM
t−1−r)ftM ∆
t−1
D˜ ξn.
Now:∑n
t=1
(int ⊗ i
n
0 ) (M
t−1
ρrM )f
t
M ∆
t−1
D˜ ξn =
∑n
t=1
(int ⊗ i
n
0 ) (f
t−1
M ρ
r
MfM )∆
t−1
D˜ ξn
=
∑n
t=1
(int ⊗ i
n
0 ) [f
t−1
M (fM ⊗ C)ρ
r
D˜
]∆
t−1
D˜ ξn
=
∑n
t=1
(int ⊗ i
n
0 ) (f
t−1
M fM ⊗ C)(D˜
t−1
ρr
D˜
)∆
t−1
D˜ ξn
=
∑n
t=1
(int ⊗ i
n
0 ) (f
t
M ⊗ C)[D˜
t−1
(D˜ ⊗ fC)∆D˜]∆
t−1
D˜ ξn
=
∑n
t=1
(int ⊗ i
n
0 ) (f
t
M ⊗ fC)[D˜
t−1
∆
D˜
]∆
t−1
D˜ ξn
=
∑n
t=1
(int ⊗ i
n
0 ) (f
t
M ⊗ fC)[∆
t−1
D˜ ⊗ D˜]∆D˜ξn
=
∑n
t=1
(
int f
t
M ∆
t−1
D˜ ⊗ i
n
0fC
)
∆
D˜
ξn
Analogously one gets∑n
t=1
(in0 ⊗ i
n
t ) (ρ
l
MM
t−1)ftM ∆
t−1
D˜ ξn =
∑n
t=1
(
in0fC ⊗ i
n
t f
t
M ∆
t−1
D˜
)
∆
D˜
ξn
Moreover we have:∑n
t=2
∑t−1
r=1
(inr ⊗ i
n
t−r)(M
r−1
χMM
t−1−r)ftM ∆
t−1
D˜ ξn
=
∑n
t=2
∑t−1
r=1
(inr ⊗ i
n
t−r)(f
r
M ⊗ f
t−r
M )(D˜
r−1
χ
D˜
D˜t−1−r)∆
t−1
D˜ ξn
=
∑n
t=2
∑t−1
r=1
(inr f
r
M ⊗ i
n
t−rf
t−r
M )(∆
r−1
D˜ ⊗∆
t−1−r
D˜ )∆D˜ξn
=
∑n
t=2
∑t−1
r=1
(inr f
r
M ∆
r−1
D˜ ⊗ i
n
t−rf
t−r
M ∆
t−1−r
D˜ )∆D˜ξn
So we get
∆(n)fn = (i
n
0fC ⊗ i
n
0fC)∆D˜ξn +
+
∑n
t=1
(
int f
t
M ∆
t−1
D˜ ⊗ i
n
0fC
)
∆
D˜
ξn +
∑n
t=1
(
in0fC ⊗ i
n
t f
t
M ∆
t−1
D˜
)
∆
D˜
ξn +
+
∑n
t=2
∑t−1
r=1
(inr f
r
M ∆
r−1
D˜ ⊗ i
n
t−rf
t−r
M ∆
t−1−r
D˜ )∆D˜ξn
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On the other hand we have
(fn ⊗ fn)∆Dn
= (
∑n
t=0
int f
t
M ∆
t−1
D˜ ξn ⊗
∑n
k=0
inkf
k
M ∆
k−1
D˜ ξn)∆Dn
= (
∑n
t=0
int f
t
M ∆
t−1
D˜ ⊗
∑n
k=0
inkf
k
M ∆
k−1
D˜ )∆D˜ξn
= (in0f
0
M ∆
−1
D˜ ⊗ i
n
0f
0
M ∆
−1
D˜ )∆D˜ξn +
+
∑n
t=1
(int f
t
M ∆
t−1
D˜ ⊗ i
n
0f
0
M ∆
−1
D˜ )∆D˜ξn +
∑n
k=1
(in0f
0
M ∆
0−1
D˜ ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn
+(
∑n
t=1
int f
t
M ∆
t−1
D˜ ⊗
∑n
k=1
inkf
k
M ∆
k−1
D˜ )∆D˜ξn
= (in0fC ⊗ i
n
0fC)∆D˜ξn +
∑n
t=1
(int f
t
M ∆
t−1
D˜ ⊗ i
n
0fC)∆D˜ξn +
∑n
k=1
(in0fC ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn +
+
∑n
t=1
∑n
k=1
(int f
t
M ∆
t−1
D˜ ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn
= ∆(n)fn −
∑n
t=2
∑t−1
r=1
(inr f
r
M ∆
r−1
D˜ ⊗ i
n
t−rf
t−r
M ∆
t−1−r
D˜ )∆D˜ξn +
+
∑n
t=1
∑n
k=1
(int f
t
M ∆
t−1
D˜ ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn.
But
(int f
t
M ∆
t−1
D˜ ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn
= (int f
t
M ⊗ i
n
kf
k
M )(∆
t−1
D˜ ⊗∆
k−1
D˜ )∆D˜ξn
= (int f
t
M ⊗ i
n
kf
k
M )(D˜
t−1
χ
D˜
D˜k−1)∆
t+k−1
D˜ ξn
= (int ⊗ i
n
k)(f
t
M ⊗ f
k
M )(D˜
t−1
χ
D˜
D˜k−1)∆
t+k−1
D˜ ξn
= (int ⊗ i
n
k)(M
t−1
χMM
k−1)ft+kM ∆
t+k−1
D˜ ξn.
By (20), the last term is zero whenever t+ k > n, so that:∑n
t=1
∑n
k=1
(int f
t
M ∆
t−1
D˜ ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn =
∑
1≤t,k≤n
t+k≤n
(int f
t
M ∆
t−1
D˜ ⊗ i
n
kf
k
M ∆
k−1
D˜ )∆D˜ξn
=
∑n
t=2
∑t−1
r=1
(inr f
r
M ∆
r−1
D˜ ⊗ i
n
t−rf
t−r
M ∆
t−1−r
D˜ )∆D˜ξn,
and hence
(fn ⊗ fn)∆Dn = ∆(n)fn.
Furthermore ε(0)f0 = 0 = εD0 , while, for every n ≥ 1, we have
ε(n)fn =
∑n
t=0
ε(n)int f
t
M ∆
t−1
D˜ ξn
=
∑n
t=0
εCπ
1
ni
n
t f
t
M ∆
t−1
D˜ ξn = εCπ
1
ni
n
0f
0
M ∆
0−1
D˜ ξn = εCi
1
0fCξn = εCfCξn = εDn .
We conclude that fn is a coalgebra homomorphism. Now, by construction, f is the unique mor-
phism such that fξk = σkfk, for any k ∈ N. By Proposition 1.10, ((D
∧iC )i∈N, (ξ
j
i )i,j∈N) is a direct
system in M whose direct limit D˜ carries a natural coalgebra structure that makes it the direct
limit of ((D∧
i
C )i∈N, (ξ
j
i )i,j∈N) as a direct system of coalgebras. Since σk is a coalgebra homomor-
phism so is σkfk and hence f is a coalgebra homomorphism.
Assume now that g : E → T is another coalgebra homomorphism such that p0g = fC and
p1g = fM . Then, by Proposition 2.11, we have png = pnf for any n ∈ N. 
Lemma 2.14. Let (Xi)i∈N be a family of objects in a cocomplete and complete abelian category M
satisfying AB5. Let Y be an object in M and f : Y → ⊕i∈NXi be a morphism such that
pkf = 0 for any k ∈ N,
where pk : ⊕Xi → Xk denotes the canonical projection. Then f = 0.
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Proof. By [Po, Corollary 8.10, page 61], M is a C2-category so that the conclusion follows by [Po,
Proposition, page 54]. 
Theorem 2.15. Let (C,∆, ε) be a coalgebra in a cocomplete and complete abelian monoidal category
M satisfying AB5. Let (M,ρrM , ρ
l
M ) be a C-bicomodule. Let δ : D → E be a monomorphism
which is a homomorphism of coalgebras. Let fC : D˜ → C be a coalgebra homomorphism and let
fM : D˜ → M be a morphism of C-bicomodules such that fMξ1 = 0, where D˜ is a bicomodule via
fC . Then there is a unique coalgebra homomorphism f : D˜ → T
c
C(M) such that p0f = fC and
p1f = fM , where pn : T
c
C(M)→M
n denotes the canonical projection.
T cC(M)
p1 ✲ M
C
p0
❄
✛
fC
D˜
fM
✻
✛
ξ1
✛.......................
f
D
✛
0
Proof. Since M satisfies AB5, the morphism δ˜ : D˜ → E of Notation 1.11 is a monomorphism, so
that, by applying Theorem 2.13, there is a coalgebra homomorphism f : D˜ → T cC(M) such that
p0f = fC and p1f = fM . Furthermore any such a coalgebra homomorphism fulfils the following
relation
pkf = f
k
M ∆
k−1
D˜ for any k ∈ N,
where ∆
n
D˜ : D˜ → D˜
n+1 is the nth-iteration of ∆
D˜
as defined in Theorem 2.13.
Now, let f, g : D˜ → T be morphisms such that
pkf = pkg for any k ∈ N.
By Lemma 2.14 f = g. 
Lemma 2.16. Let E be a coalgebra in an abelian monoidal category M. Let f : E → L and
g : E →M be morphism in M. Then
Ker (f) ∧E Ker (g) = Ker[(f ⊗ g) ◦ △E].
Proof. Let (X, iX) = Ker (f) and let (Y, iY ) = Ker (g). Let pX : E → E/X and pY : E → E/Y
be the canonical quotient maps. Since fiX = 0, by the universal property of the cokernel, there
exists a unique morphism γX : E/X → L such that γXpX = f. Moreover, we have (E/X, pX) =
coker(iX) = coker(Ker (f)) = coim(f). As M is abelian, it is straightforaword to prove that
(E/X, γX) = Im(f). In particular γX is a monomorphism. Analogously one gets a monomorphism
γY : E/Y → M such that γY pY = g. Since M has left exact tensor functors, then γX ⊗ γY is a
monomorphism, so that, by definition, we get:
X ∧E Y := Ker[(pX ⊗ pY ) ◦ △E ] = Ker[(γX ⊗ γY )(pX ⊗ pY ) ◦ △E ] = Ker[(f ⊗ g) ◦ △E ].

Proposition 2.17. Let δ : D → C be a monomorphism which is a coalgebra homomorphism in an
abelian monoidal category M. Then we have
(22) D∧
m
C ∧C D
∧nC = D∧
m+n
C .
Proof. Set (L, p) = coker(σ). Let
(D∧
n
C , δn) := Ker (p
⊗n∆n−1C ).
By Lemma 2.16, we have:
D∧
m+n
C = Ker [p⊗m+n∆m+n−1C ] = Ker [(p
⊗m∆m−1C ⊗ p
⊗n∆n−1C )∆C ] = D
∧mC ∧C D
∧nC .

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Theorem 2.18. Let (C,∆, ε) be a coalgebra in a cocomplete and complete abelian monoidal category
M satisfying AB5. Let (M,ρrM , ρ
l
M ) be a C-bicomodule. Let T := T
c
C(M). Then
(Cn (M) , σn) = C
∧nT ,
for every n ∈ N.
Proof. Let n ∈ N. Let
λna :M
a → ⊕b≥nM
b
be defined by
λna =
{
the canonical injection if a ≥ n,
0 otherwise.
Define
νn : ⊕a≥nM
a → T
as the codiagonal map of the family (ia)a≥n so that we have
νn ◦ λ
n
a =
{
ia for every a ≥ n
0 otherwise.
Define
τn : T → ⊕a≥nM
a
as the codiagonal map of the family (λna )a∈N , that is
τnia = λ
n
a , for every a ∈ N.
Thus, we have
τnνnλ
n
a = τnia = λ
n
a for a ≥ n,
so that
τnνn = Id⊕a≥nMa for every n ∈ N.
Let Cn = Cn (M) for every n ∈ N. Let us prove the following sequence
0→ Cn
σn−→ T
τn−→ ⊕a≥nM
a → 0
is exact. We check that
(
⊕a≥nM
a, τn
)
= Coker (σn).
Since τnνn = Id, it is clear that τn is an epimorphism and that νn is a monomorphism.
From
τnσni
n
a = τnia = λ
n
a = 0, for every 0 ≤ a ≤ n− 1,
we deduce that
τnσn = 0 for every n ∈ N.
Let f : T → X be a morphism such that fσn = 0 for every n ∈ N. Thus, for every 0 ≤ a ≤ n− 1,
we have
fia = fσni
n
a = 0
Set
f = fνn
and let us prove that f = fτn. From
fτnia = fνnλ
n
a =
{
fia for every a ≥ n
0 otherwise.
we deduce that fτnia = fia, for every a ∈ N, and hence fτn = f.
Let us prove that Cn = C∧
n
T , for every n ∈ N.
The case n = 0 is trivial. Let us prove the equality above for every n ≥ 1 by induction on n.
If n = 1, by definition, we have C1 = C = C∧
1
T .
Let n ≥ 2 and assume that C∧
n−1
T = Cn−1. By Proposition 2.17 and Lemma 2.16, we have
C∧
n
T = C∧
n−1
T ∧T C
∧1T = Cn−1 ∧T C
1 = Ker (τn−1) ∧T Ker (τ1) = Ker [(τn−1 ⊗ τ1)∆T ]
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so that
0→ C∧
n
T →֒ T
(τn−1⊗τ1)∆T
−→
(
⊕a≥n−1M
a
)
⊗
(
⊕a≥1M
a
)
is an exact sequence. In order to conclude, it is enough to check that the following sequence
0→ Cn
σn−→ T
(τn−1⊗τ1)∆T
−→
(
⊕a≥n−1M
a
)
⊗
(
⊕a≥1M
a
)
is exact. For every 0 ≤ a ≤ n− 1, we have
(τn−1 ⊗ τ1)∆Tσni
n
a = (τn−1 ⊗ τ1) (σn ⊗ σn)∆ (n) i
n
a
By Proposition 2.8 we can write
∆ (n) ina =
∑a
r=0
(inr ⊗ i
n
a−r)fr,a−r
where fij :M
a →Mi ⊗Mj are suitable morphisms. Thus we get
(τn−1 ⊗ τ1)∆Tσni
n
a =
∑a
r=0
(τn−1 ⊗ τ1) (σn ⊗ σn) (i
n
r ⊗ i
n
a−r)fr,a−r
=
∑a
r=0
(τn−1ir ⊗ τ1ia−r) fr,a−r =
∑a
r=0
(
λn−1r ⊗ λ
1
a−r
)
fr,a−r = 0
Therefore (τn−1 ⊗ τ1)∆Tσn = 0, for every n ∈ N.
Let g : Y → T be a morphism such that
(τn−1 ⊗ τ1)∆T g = 0.
Now, for every c ∈ N and for every a ≥ b, we have
paνbτbic = paνbλ
b
c =
{
paic for every c ≥ b
0 = paic otherwise.
so that
paνbτb = pa, for every a ≥ b.
Thus, for every a ≥ n− 1 and b ≥ 1, by Lemma 2.10, we have
0 = (paνn−1τn−1 ⊗ pbν1τ1)∆T g = (pa ⊗ pb)∆T g=
(
Ma−1χMM
b
)
pa+bg.
By left exactness of the tensor functors, Ma−1χMM
b is a monomorphism so that
pa+bg = 0.
We conclude that
pcg = 0, for every c ≥ n.
Set
g = πng.
and let us prove that g = σng. By Lemma 2.14 this is the case if and only if
pag = paσng, for every a ∈ N.
We have
paσng = p
a
nπng =
{
pag for every a < n
0 = pag otherwise.

20 A. ARDIZZONI, C. MENINI AND D. S¸TEFAN
3. Technicalities
The main aim of this section is to proof Theorem 3.11 that will be our main tool in the proof
of Theorem 4.15.
Lemma 3.1. Let M be a monoidal category with left exact direct limits. Let ((Ai)i∈N, (α
j
i )i,j∈N)
and ((Bi)i∈N, (β
j
i )i,j∈N be direct systems in M, where, for i ≤ j, α
j
i : Ai → Aj and β
j
i : Bi → Bj.
Let (γi : Ai → Bi)i∈N be a direct system of monomorphisms. Let (A, (αi)i∈N) = lim−→Ai and let
(βi : Bi → A)i∈N be a compatible family of monomorphisms such that βiγi = αi for any i ∈ N.
Then (A, (βi)i∈N) = lim−→Bi.
Proof. Since direct limits are left exact in M, the canonical morphism lim−→βi : lim−→Bi → A is a
monomorphism. Moreover, since lim−→βi ◦ lim−→γi = lim−→αi = IdA, we have that lim−→βi is also an
epimorphism and hence an isomorphism. 
3.2. Let (M,⊗,1) be a cocomplete abelian monoidal category. Recall that a graded coalgebra in
M is a coalgebra (B,∆, ε) endowed with a family (Bi, βi) of subobjects of B, such that
B = ⊕i∈NBi
and there esists a family (∆i)
i∈N
of morphisms
∆i : Bi → (B ⊗B)i = ⊕a+b=i (Ba ⊗Bb) ,
such that
∆βi = [∇a+b=i (βa ⊗ βb)]∆i
and
εβi = 0, for every i ≥ 1.
Here ∇a+b=i (βa ⊗ βb) denotes the codiagonal morphism associated to the family (βa ⊗ βb)a+b=i .
In particular it follows that ε restricts to a morphism
ε0 : B0 → 1
such that
ε = ε0β0
and (B0,∆0, ε0) is a coalgebra in M. Moreover β0 is a coalgebra homomorphism.
Proposition 3.3. Let (M,⊗,1) be a cocomplete abelian monoidal category. Let B = ⊕i∈NBi be
a graded coalgebra. Denote by (L, p) the cokernel of β0 in M. Then
(23) p⊗n+1∆nBβb = 0, for every 0 ≤ b ≤ n.
Moreover
B = lim
−→
(B
∧iB
0 )i∈N.
Proof. Denote by βi : Bi → B the canonical inclusion and denote by τi : B → Bi the canonical
projection, for every i ∈ N. Since β0 is a coalgebra homomorphism and β0 is a monomorphism, we
can consider
(B
∧nB
0 , δn) := Ker (p
⊗n∆n−1B ).
Denote by ξji : B
∧iB
0 → B
∧
j
B
0 the canonical inclusion, for every j ≥ i. Hence we have
δjξ
j
i = δi.
In order to prove (23), we proceed by induction on n ≥ 0. For n = 0, then b = 0 and we have
p⊗n+1∆nBβb = p∆
0
Bβ0 = pβ0 = 0.
Let n ≥ 1 and assume p⊗i+1∆iBβj = 0, for every 0 ≤ j ≤ i ≤ n− 1. For every 0 ≤ c ≤ n, we have
p⊗n+1∆nBβc =
(
p⊗n−1 ⊗ p⊗2
) (
∆n−2B ⊗∆B
)
∆Bβc
=
(
p⊗n−1∆n−2B ⊗ p
⊗2∆B
)
[∇a+b=c (βa ⊗ βb)]∆c
=
[
∇a+b=c
(
p⊗n−1∆n−2B βa ⊗ p
⊗2∆Bβb
)]
∆c = 0.
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By definition of (B
∧nB
0 , δn), there exists a unique morphism
γn : ⊕
n
i=0Bi → B
∧
n+1
B
0
such that
δn+1γn = ∇
n
i=0βi.
Since each βi cosplits, then ∇
n
i=0βi is a monomorphism. Thus also γn is a monomorphism. Denote
by βba : ⊕
a
i=0Bi → ⊕
b
i=0Bi the canonical injection when a ≤ b. Then we have
δn+2γn+1β
n+1
n =
(
∇n+1i=0 βi
)
βn+1n = ∇
n
i=0βi = δn+1γn = δn+2ξ
n+2
n+1γn
Since δn+2 is a monomorphism, we get that
γn+1β
n+1
n = ξ
n+2
n+1γn
for every n ∈ N. Thus (γn : ⊕
n
i=0Bi → B
∧
n+1
B
0 )n∈N defines a direct system of monomorphisms in
M. Now, as, by Proposition 2.5, (B, (∇ni=0βi)n∈N) = lim−→
(⊕ni=0Bi), by Lemma 3.1 we have that
(B, (δn)n∈N) = lim−→(B
∧iB
0 )i∈N. 
Proposition 3.4. Let i ∈ {1, 2}. Let fi : Xi → Yi be morphisms in an abelian monoidal category
M. Let σi : Yi → Xi such that fiσi = IdYi . Then
Ker (f1 ⊗ f2) = [Ker (f1)⊗X2] + [X1 ⊗Ker (f2)].
Proof. Let (Ki, ki) = Ker (fi) for i = 1, 2. Let ν1 : K1 ⊗ X2 → (K1 ⊗ X2) ⊕ (X1 ⊗ K2) and
ν2 : X1 ⊗ K2 → (K1 ⊗ X2) ⊕ (X1 ⊗ K2) be the canonical inclusions. Then, by the universal
property of coproducts, there is a unique morphism τ : (K1 ⊗X2) ⊕ (X1 ⊗K2) → X1 ⊗X2 such
that
(24) τν1 = k1 ⊗X2 and τν2 = X1 ⊗ k2.
By definition, one has (K1 ⊗X2) + (X1 ⊗K2) = Im(τ) = Ker (π), where (C, π) = coker(τ).
Thus, in order to prove our statement, we will show that (C, π) = (Y1 ⊗ Y2, f1 ⊗ f2). By (24), we
have
(f1 ⊗ f2)τν1 = (f1 ⊗ f2)(k1 ⊗X2) = 0,
(f1 ⊗ f2)τν2 = (f1 ⊗ f2)(X1 ⊗ k2) = 0,
so that (f1 ⊗ f2)τ = 0. By the universal property of cokernels, we obtain a unique morphism
α : C → Y1 ⊗ Y2 such that απ = f1 ⊗ f2.
Define β : Y1⊗Y2 → C by β := π(σ1⊗σ2). Let us prove that β is a two-sided inverse of α. Clearly
one has
αβ = απ(σ1 ⊗ σ2) = (f1 ⊗ f2)(σ1 ⊗ σ2) = IdX1⊗X2 .
Now, since fiσi = IdYi , there is a unique morphism ρi : Xi → Ki such that ρiki = IdKi and
(25) kiρi + σifi = IdXi , for any i ∈ {1, 2}.
Then we have:
βαπ = β(f1 ⊗ f2)
= π(σ1f1 ⊗ σ2f2)
(25)
= π[σ1f1 ⊗ (IdX2 − k2ρ2)]
= π(σ1f1 ⊗ IdX2)− π(σ1f1 ⊗ k2ρ2)
= π[(IdX1 − k1ρ1)⊗ IdX2 ]− π(X1 ⊗ k2)(σ1f1 ⊗ ρ2)
(24)
= π − π(k1ρ1 ⊗ IdX2)− πτν2(σ1f1 ⊗ ρ2)
= π − π(k1 ⊗ IdX2)(ρ1 ⊗ IdX2)
(24)
= π − πτν1(ρ1 ⊗ IdX2)
= π
22 A. ARDIZZONI, C. MENINI AND D. S¸TEFAN
Since π is an epimorphism we conclude that βα = IdC and hence that α is an isomorphism. Thus
(C, π) = (Y1 ⊗ Y2, f1 ⊗ f2). 
Proposition 3.5. Let δ : D → C be a morphism that cosplits in M. If δ is a coalgebra homomor-
phism, then we have
(26) D∧
2
C = D ∧C D = ∆
−1
C (D ⊗ C + C ⊗D).
Proof. Set (L, p) = coker(σ). Let
(D∧
n
C , δn) := Ker (p
⊗n∆n−1C ).
We have
D∧
2
C = Ker [(p⊗ p)∆C ]
(∗)
= ∆−1C [Ker (p⊗ p)]
(∗∗)
= ∆−1C {[Ker (p)⊗ C] + [C ⊗Ker (p)]} = ∆
−1
C [(D ⊗ C) + (C ⊗D)].
where in (*) we have applied ([St, Proposition 5.1, page 90]) and in (**) Proposition 3.4. 
Lemma 3.6. Let σ : A → A′ be a coalgebra homomorphism in an abelian monoidal category M.
Assume that σ is a monomorphism. Let i ∈ {1, 2} and let αi : Xi → A, α
′
i : X
′
i → A, σi : Xi → X
′
i
be morphism such that σαi = α
′
iσi. Let (Li, pi) = coker(αi) and (L
′
i, p
′
i) = coker(α
′
i) and let
(X1 ∧A X2, λ1,2) = Ker [(p1 ⊗ p2)∆A] and (X
′
1 ∧A′ X
′
2, λ
′
1,2) = Ker [(p
′
1 ⊗ p
′
2)∆A′ ].
Then there is a (unique) morphism
λ = λ(A,X1, X2;A
′, X ′1, X
′
2) : X1 ∧A X2 → X
′
1 ∧A′ X
′
2
such that λ′1,2λ = σλ1,2. Moreover λ is a monomorphism.
Proof. Since
p′iσαi = p
′
iα
′
iσi = 0,
by the universal property of cokernels, there is a unique morphism τi : Li → L
′
i such that τipi = p
′
iσ.
Then we have:
(p′1 ⊗ p
′
2)∆A′σλ1,2 = (p
′
1 ⊗ p
′
2)(σ ⊗ σ)∆Aλ1,2 = (τ1 ⊗ τ2)(p1 ⊗ p2)∆Aλ1,2 = 0.
By the universal property of kernels, there is a unique morphism λ : X1 ∧A X2 → X
′
1 ∧A′ X
′
2 such
that λ′1,2λ = σλ1,2. Clearly, as σ and λ1,2 are monomorphisms, λ is a monomorphism too. 
Lemma 3.7. Let ((Xi)i∈N, (ξ
j
i )i,j∈N) and let ((Yi)i∈N, (ζ
j
i )i,j∈N) be direct systems in a monoidal
category M, where, for i ≤ j, ξji : Xi → Xj and ζ
j
i : Yi → Yj . Let σ : A→ B be a coalgebra homo-
morphism and let (αi : Xi → A)i∈N and (βi : Yi → B)i∈N be compatible families of morphisms in
M. Let λi : Xi → Yi be a morphism such that βiλi = σαi, for any i ∈ N. If βi is a monomorphism,
for any i ∈ N, we have that (λi : Xi → Yi)i∈N is a direct system of morphisms in M.
Proof. For any i ≤ j, we have that:
βjλjξ
j
i = σαjξ
j
i = σαi = βiλi = βjζ
j
i λi.
Since βj is a monomorphism for any j ∈ N, we conclude that λjξ
j
i = ζ
j
i λi i.e. that (λi : Xi → Yi)i∈N
is a direct system of morphisms in M. 
Lemma 3.8. LetM be a cocomplete monoidal category with left exact direct limits. Let ((Xi)i∈N, (ξ
j
i )i,j∈N)
be a direct system in M, where, for i ≤ j, ξji : Xi → Xj.
Let γ : N → N be an injection. Then ((Xγ(i))i∈N, (ξ
γ(j)
γ(i) )i,j∈N) is a direct system in M. Let
(X, (λi)i∈N) = lim−→
Xγ(i), where λi : Xγ(i) → X for any i ∈ N.
Then (X, (ξi)i∈N) = lim−→Xi, where ξi : Xi → X is defined by ξi := λjξ
γ(j)
i : Xi → X, where j ∈ N
is such that γ(j) ≥ i.
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Proof. Clearly ((Xγ(i))i∈N, (ξ
γ(j)
γ(i) )i,j∈N) is a direct system. Let us prove the last assertion. Let
j, j′ ∈ N such that γ(j′) ≥ γ(j) ≥ i. Then
λj′ξ
γ(j′)
i = λj′ξ
γ(j′)
γ(j) ξ
γ(j)
i = λjξ
γ(j)
i ,
so that ξi is well defined. Note that
(27) ξγ(j) = λjξ
γ(j)
γ(j) = λj .
Moreover, for any i ≤ j, and for any t ∈ N such that γ(t) ≥ j we have:
ξjξ
j
i = λtξ
γ(t)
j ξ
j
i = λtξ
γ(t)
i = ξi,
so that (ξi : Xi → X)i∈N is a direct system of morphisms. Let now (fi : Xi → Y )i∈N be a
compatible family of morphisms in M. Then (fγ(i) : Xγ(i) → Y )i∈N is a compatible family of
morphisms in M so that there exists a unique morphism f : X → Y such that fλi = fγ(i) for any
i ∈ N. For any i ∈ N and for any j ∈ N is such that γ(j) ≥ i,we obtain
fξi = fλjξ
γ(j)
i = fγ(i)ξ
γ(j)
i = fi.
Let g : X → Y be another morphism such that gξi = fi. Then we have
gλi
(27)
= gξγ(i) = fγ(i).
By uniqueness of f we get g = f, so that (X, (ξi)i∈N) = lim−→Xi. 
Lemma 3.9. Let (M,⊗,1) be a cocomplete abelian monoidal category satisfying AB5, with left
exact direct limits and left and right exact tensor functors. Let (I,≤) be a directed partially ordered
set. Let ((Xi)i∈I, (ξ
j
i )i,j∈I) be a direct system in M, where, for i ≤ j, ξ
j
i : Xi → Xj . Let (wi : Xi →
W )i∈I be a compatible family of monomorphisms in M. Let (X, (ξi)i∈I) = lim−→Xi. Let w : X →W
be the unique morphism such that wξi = wi for every i. Let ξ : ⊕Xi → X be the unique morphism
such that ξεi = ξi for any i ∈ I and let ω : ⊕Xi →W be the unique morphism such that ωεi = wi
for any i ∈ I, where εi : Xi → ⊕Xi is the canonical inclusion. Then:
wξ = ω.
Moreover w is a monomorphism and ξ is an epimorphism.
Proof. Since wξi = wi, the ξi’s are monomorphisms. Clearly we have
wξεi = wξi = wi = ωεi for any i ∈ I
and hence
wξ = ω
Moreover, regarding (wi : Xi → W )i∈I as a direct system of monomorphism, in view of AB5, we
have that w is a monomorphism and ξ is an epimorphism. 
Lemma 3.10. Let (M,⊗,1) be a cocomplete abelian monoidal category satisfying AB5 and with left
and right exact tensor functors. Let (I,≤) be a directed partially ordered set. Let ((Xi)i∈I, (ξ
j
i )i,j∈I)
be a direct system in M, where, for i ≤ j, ξji : Xi → Xj . If ⊕Xi commutes with ⊗, then lim−→Xi
does.
Proof. Let ((Xi)i∈I, (ξ
j
i )i,j∈I) be a direct system in M, where, for i ≤ j, ξ
j
i : Xi → Xj . Let
(X, (ξi)i∈I) = lim−→Xi and let Y be an object in M. By [St, Lemma 1.2, page 115], the ξi’s are
monomorphisms. Also, by the universal property of the coproduct, there is a unique morphism
ξ : ⊕Xi → X such that
(28) ξεi = ξi for any i ∈ I
where εi : Xi → ⊕Xi is the canonical inclusion. Moreover, ξ is an epimorphism.
Assume that
(29) ((⊕Xi)⊗ Y, εi ⊗ Y ) = ⊕(Xi ⊗ Y ),
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Let γi : Xi⊗Y → lim−→
(Xi⊗Y ) be the canonical morphism. By the universal property of coproduct
and by (29), there is a unique morphism γ : (⊕Xi)⊗ Y → lim−→(Xi ⊗ Y ) such that
(30) γ(εi ⊗ Y ) = γi for any i ∈ I.
In an analogous way, by the universal property of direct limits, there is a unique morphism Λ :
lim
−→
(Xi ⊗ Y )→ X ⊗ Y such that
(31) Λγi = ξi ⊗ Y for any i ∈ I.
It is easy to see that we can apply Lemma 3.9 to the present situation and get:
Λγ = ξ ⊗ Y.
where Λ is a monomorphism and γ is an epimorphism. Moreover, since the tensor functor is left
exact and ξ is an epimorphism, we get that ξ ⊗ Y is an epimorphism. Hence Λ is an epimorphism
too. 
Theorem 3.11. Let (C,∆, ε) be a coalgebra in a cocomplete abelian monoidal categoryM satisfying
AB5, with left and right exact tensor functors. Assume that denumerable coproducts commute with
⊗. Let α : C → A and σ : A→ B be monomorphisms which are coalgebra homomorphisms and let
β = σα. Assume that σ cosplits in M. Let pα = coker(α) in M, let (C
∧nA , αn) := Ker (p
⊗n
α ∆
n−1
A )
and assume that αn cosplits in M, for every n ∈ N. If C˜A = A and B = A
∧B2, then C˜B = B.
Proof. For any morphism η we set (Lη, pη) = coker(η) in M. By Proposition 3.5, we get
B = A∧B2
(26)
= ∆−1B (A⊗B +B ⊗A).
Let
(C∧
n
A , αn) := Ker (p
⊗n
α ∆
n−1
A ) and (C
∧nB , βn) := Ker (p
⊗n
β ∆
n−1
B ).
By assumption (A, (αn)n∈N) = C˜A = lim−→
C∧
n
A . Then, by Lemma 3.10, we obtain:
A⊗B = (lim−→C
∧nA)⊗B = lim−→(C
∧nA ⊗B).
We have:
B = ∆−1B [lim−→(C
∧mA ⊗B) + lim−→(B ⊗ C
∧nA)]
= ∆−1B lim−→
[(C∧
n
A ⊗B) + (B ⊗ C∧
n
A)]
= lim−→∆
−1
B [(C
∧nA ⊗B) + (B ⊗ C∧
n
A)]
= lim−→(C
∧nA ∧B C
∧nA)
where in the second equality we have used that in an AB5-category direct limits of direct systems
of subobjects are just sums of their respective families; in the third we have used a well known
property of AB5-categories (see [St, Proposition 1.1, page 114]); in the last equality we have used
Proposition 3.5 in the case δ = σαn : C
∧nA → B. Note that, by applying inductively Lemma 3.6,
we obtain, for any n ∈ N, a monomorphism
λnA,B : C
∧nA → C∧
n
B
such that
(32) βnλ
n
A,B = σαn.
By Lemma 3.7, (λnA,B : C
∧nA → C∧
n
B )i∈N is a direct system of monomorphisms in M. Let m ≤ n.
Note that, if we denote by ξnA,m : C
∧mA → C∧
n
A and by ξnB,m : C
∧mB → C∧
n
B the canonical morphisms,
this means that λnA,Bξ
n
A,m = ξ
n
B,mλ
m
A,B.
Let (Ln, pn) = coker(σnαn) and (L
′
n, p
′
n) = coker(βn) and let
(C∧
n
A ∧B C
∧nA , λn) = Ker [(pn ⊗ pn)∆B ] and (C
∧nB ∧B C
∧nB , λ′n) = Ker [(p
′
n ⊗ p
′
n)∆B ].
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In view of (32), we can apply Lemma 3.6 to obtain a monomorphism
λ(n) = λ(B,C∧
n
A , C∧
n
A ;B,C∧
n
B , C∧
n
B ) : C∧
n
A ∧B C
∧nA → C∧
n
B ∧B C
∧nB
such that
λ′nλ(n) = λn.
By Lemma 3.7, (λ(n) : C∧
n
A ∧B C
∧nA → C∧
n
B ∧B C
∧nB )n∈N is a direct system of monomorphisms in
M. Since, by the foregoing, B = lim−→(C
∧nA ∧B C
∧nA), by Lemma 3.1, applied in the case γi = λ(i)
for any i ∈ N, we obtain that
(B, (λ′n)n∈N) = lim−→
(C∧
n
B ∧B C
∧nB ).
As
(C∧
n
B ∧B C
∧nB , λ′n)
(22)
= (C∧
2n
B , β2n)
we obtain
(B, (β2n)n∈N) = lim−→
C∧
2n
B .
Now, apply Lemma 3.8 in the case when γ : N → N is defined by setting γ(n) = 2n for every
n ∈ N. Then we get
(B, (βn)n∈N) = lim−→C
∧Bn = C˜B.

4. Formal Smoothness of the Cotensor Coalgebra
The main aim of this section is to prove Theorem 4.15 which asserts that the cotensor coalgebra
T cC(M) is formally smooth whenever C is a formally smooth coalgebra in a cocomplete and complete
abelian monoidal categoryM satisfying AB5, and M is an I-injective C-bicomodule in M.
Definition 4.1. Let (C,∆, ε) be a coalgebra in (M,⊗,1) and let
(
L, ρlL, ρ
r
L
)
be a C-bicomodule.
Let us consider the standard complex :
0 −→M(L,1)
b0
−→M(L,C)
b1
−→M(L,C ⊗ C)
b2
−→M(L,C ⊗ C ⊗ C)
b3
−→ · · ·
Let n ∈ N. For every 0 ≤ i ≤ n+ 1 and for every f ∈ M(L,C⊗n), we define,
for n = 0 :
b00 = lC ◦ (f ⊗ C) ◦ ρ
r
L, b
0
1 = rC ◦ (C ⊗ f) ◦ ρ
l
L
and, for n > 0:
bni (f) =


(f ⊗ C) ◦ ρrL i = 0;
(C⊗n−i ⊗∆⊗ C⊗i−1) ◦ f, i = 1, . . . , n;
(C ⊗ f) ◦ ρlL i = n+ 1.
One has that
bn(f) =
∑n+1
i=0
(−1)ibni (f), for every n ≥ 0.
In particular, for n ∈ {0, 1, 2} the differentials bn are given by:
b0(f) = lC ◦ (f ⊗ C) ◦ ρ
r
L − rC ◦ (C ⊗ f) ◦ ρ
l
L;
b1(f) = (f ⊗ C) ◦ ρrL −∆ ◦ f + (C ⊗ f) ◦ ρ
l
L;
b2(f) = (f ⊗ C) ◦ ρrL − (C ⊗∆) ◦ f + (∆⊗ C) ◦ f − (C ⊗ f) ◦ ρ
l
L.
Further details can be found in [AMS].
4.2. Let M be an abelian category and let H be a class of monomorphisms in M. We recall
that an object I in M is called injective rel λ, where λ : X → Y is a monomorphism in H, if
M(λ, I) :M(Y, I)→M(X, I) is surjective. I is called H-injective if it is injective rel λ for every
λ in H. The closure of H is the class C(H) containing all monomorphisms λ inM such that every
H-injective object is also injective rel λ. The class H is called closed if H = C(H). A closed class
H is called injective if for any object M inM there is a monomorphism λ :M → I in H such that
I is H-injective.
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4.3. We fix a coalgebra C in an abelian monoidal categoryM. Let U : CMC →M be the forgetful
functor. Then
(33) I := {f ∈ CMC | U(f) cosplits in M}.
is an injective class of monomorphisms.
Now, for any C- bicomoduleM ∈ CMC , we define the Hochschild cohomology of C with coefficients
in M by:
H
•(M,C) = Ext•I(M,C),
where Ext•I(M,−) are the relative left derived functors of
CMC(M,−). The notion of Hochschild
cohomology for algebras and coalgebras in monoidal categories has been deeply investigated in
[AMS]. Here we quote some results that will be needed afterwards.
Definition 4.4. A coalgebra in M is called coseparable if the comultiplication ∆ : C → C ⊗ C
has a retraction in CMC .
Theorem 4.5. [AMS, Theorem 4.4] Let C be a coalgebra in an abelian monoidal category M.
Then the following assertions are equivalent:
(a) C is coseparable.
(b) C is I−injective.
(c) H1(M,C) = 0, for all M ∈ CMC .
(d) Hn(M,C) = 0, for all M ∈ CMC and n > 0.
(e) Any morphism in CMC cosplits in CMC whenever it cosplits in M.
(f) The category CMC is I−cosemisimple (i.e. every object in CMC is I-injective).
Definition 4.6. An extension σ : C → E is a trivial extension whenever it admits a retraction
that is a coalgebra homomorphism.
Definition 4.7. We say that the sequence
(
(Ei)i∈N ,
(
ηji
)
i,j∈N
)
of morphisms in an abelian
monoidal category M
(34) E1
η21✲ E2
η32✲ · · ·
ηnn−1✲ En
ηn+1n✲ En+1
η
n+2
n+1✲ · · ·
is a direct system of extensions if ηn+1n is a coalgebra homomorphism and En ∧En+1 En = En+1,
for any n ≥ 1. We say that a direct system of extensions
(
(Ei)i∈N ,
(
ηji
)
i,j∈N
)
is a direct system
of Hochschild extensions if each ηn+1n has a retraction in M.
Example 4.8. Let C and E be coalgebras in an abelian monoidal categoryM. Let δ : C → E be a
monomorphism which is a homomorphism of coalgebras inM. The sequence
((
C∧
i
E
)
i∈N
,
(
ξji
)
i,j∈N
)
is a direct system of coalgebras extensions that will be called the C-adic direct system in E.
Definition 4.9. Let M be an abelian monoidal category. We say that the direct system of
extensions
(
(Ei)i∈N ,
(
ηji
)
i,j∈N
)
has a direct limit if lim
−→
Ei exists in the category Coalg(M) of
coalgebras in M.
Remark 4.10. If
(
(Ei)i∈N ,
(
ηji
)
i,j∈N
)
is a direct system of Hochschild extensions, then, for any
n ≥ 1,
0 ✲ En
ηn+1n✲ En+1 ✲ Coker
(
ηn+1n
) ✲ 0
is a Hochschild extension of En with cokernel Coker
(
ηn+1n
)
.
Theorem 4.11. [AMS, Theorem 4.16] Let (C,∆, ε) be a coalgebra in M. Then the following
conditions are equivalent:
(a) The canonical map Homcoalg(δ, C) : Homcoalg(E,C) → Homcoalg(D,C) is surjective for
every coalgebra homomorphism δ : D → E that cosplits in M and such that D ∧E D = E.
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(b) The canonical map Homcoalg(lim−→
En, C) → Homcoalg(E1, C) is surjective for every direct
system of Hochschild extensions
(
(Ei)i∈N ,
(
ηji
)
i,j∈N
)
which has direct limit lim
−→
En.
(c) The canonical map Homcoalg(lim−→
D∧
n
E , C) → Homcoalg(D,C) is surjective for any coalgebra
E in M and any subcoalgebra D of E such that
((
D∧
i
E
)
i∈N
,
(
ξji
)
i,j∈N
)
is a direct system of
Hochschild extensions which has direct limit lim−→D
∧
n
E .
(d) Any Hochschild extension of C is trivial.
(e) H2 (M,C) = 0, for any M ∈ CMC .
Definition 4.12. Any coalgebra (C,∆, ε) in (M,⊗,1) satisfying one of the conditions of Theorem
4.11, is called formally smooth.
Theorem 4.13. [AMS, Corollary 4.21] Let (C,∆, ε) be a coalgebra in an abelian monoidal category
M. Then the following assertions are equivalent:
(a) C is formally smooth.
(b) Coker (∆) is I-injective, where ∆ is the comultiplication of C.
Remark 4.14. We point out that, in view of Proposition 2.17, our definition of D∧
n
E and the one
given in [AMS] agree.
Theorem 4.15. Let (C,∆, ε) be a formally smooth coalgebra in a cocomplete and complete abelian
monoidal category M satisfying AB5, with left and right exact tensor functors. Assume that
denumerable coproducts commute with ⊗. Let (M,ρrM , ρ
l
M ) be an I-injective C-bicomodule. Then
the cotensor coalgebra T cC(M) is formally smooth.
Proof. We will prove that any Hochschild extension of T := T cC(M) is trivial. Let σ : T → B be a
Hochschild extension of T. Since the canonical projection p0 : T → C is a coalgebra homomorphism
and C is formally smooth, by a) of Theorem 4.11, there exists a coalgebra homomorphism fC :
B → C such that fCσ = p0. Then B is a C-bicomodule via fC . Moreover σ becomes a morphism
of C-bicomodules. Since M is I-injective and the canonical projection p1 : T →M is a morphism
of C-bicomodules, then there is a morphism of C-bicomodules fM : B →M such that fMσ = p1.
Since, by Proposition 2.18, we have
C˜T = lim−→C
∧nT = lim−→C
n(M) = T
since σn : C
n → T cosplits and since, by definition of Hochschild extension, B = T∧
2
B and σ
cosplits, then by Theorem 3.11 applied to the case ”α” = i0 : C → T the canonical inclusion and
”σ” = σ, we have C˜B = B. Now we have
fMσi0 = p1i0 = 0.
Therefore we can apply Theorem 2.15 in the case when ”C” = ”D” = C, ”M” =M , ”E” = B and
”δ” = σi0 in order to obtain a unique coalgebra homomorphism f : B → T such that p0f = fC
and p1f = fM . Then we have
p0fσ = fCσ = p0, and p1fσ = fMσ = p1.
By Theorem 2.15 applied to δ = i0 : C → T, the morphism IdT is the unique coalgebra homomor-
phism such that p0IdT = p0 and p1IdT = p1, Therefore, we conclude that fσ = IdT . 
Corollary 4.16. Let (C,∆, ε) be a coalgebra in a cocomplete and complete abelian monoidal
category M satisfying AB5, with left and right exact tensor functors. Assume that denumerable
coproducts commute with ⊗.
a) If C is formally smooth, then
a1) T cC(C ⊗ X ⊗ C) is formally smooth, for any X ∈ M. In particular T
c
C(C
⊗n) is formally
smooth, for any n > 1.
a2) The cotensor coalgebra T cC(Coker(∆)) is formally smooth.
b) If C is coseparable, then the cotensor coalgebra T cC(M) is formally smooth, for any C-bicomodule
M .
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Proof. We will apply Theorem 4.15.
a1) By the dual of [AMS, Theo 1.16], all the objects of the form C ⊗X ⊗ C, where X ∈ M, are
I-injective.
a2) By Theorem 4.13, since C is formally smooth, we have that Coker∆ is I-injective.
b) By Theorem 4.5, any C-bicomodule M is I-injective. 
5. Applications.
Lemma 5.1. Let R be a ring and let M be the category of right R-modules. Let ((Xi)i∈I, (ξ
j
i )i,j∈I)
be a direct system in M, where, for i ≤ j, ξji : Xi → Xj, and let (ξi : Xi → C)i∈I be a
compatible family of monomorphism in M. Assume that (C, (ξi)i∈I) = lim−→
((Xi)i∈I, (ξi)i∈I). Then
C =
⋃
i∈I Im(ξi).
Proof. Let i ∈ I and let τi : Im(ξi) →֒ C, ζi : Im(ξi) →
⋃
i∈I Im(ξi), τ :
⋃
i∈I Im(ξi) → C be
the canonical inclusions. We have that τζi = τi, for any i ∈ I. Note that, for i ≤ j, we have
Im(ξi) ⊆ Im(ξj). Let αi : Xi → Im(ξi) be the corestriction to Im(ξi) of ξi. Then αi is an
isomorphism. Note that τiαi = ξi, for any i ∈ I.
Since (ζiαi : Xi →
⋃
i∈I Im(ξi))i∈I is a compatible family of morphisms, there exists a unique
morphism λ : C = lim
−→
((Xi)i∈I, (ξi)i∈I)→
⋃
i∈I Im(ξi) such that λξi = ζiαi, for any i ∈ I. Therefore
we have
τλξi = τζiαi = τiαi = ξi, for any i ∈ I,
so that τλ = IdC . Therefore τ is surjective, i.e. C =
⋃
i∈I Im(ξi). 
Lemma 5.2. Let δ : D → C be a monomorphism which is a coalgebra homomorphism in the
monoidal category (MK ,⊗K ,K) of vector spaces over a field K. Assume that D˜C = C. Then
Corad(C) ⊆ Im(δ).
Proof. Denote by (L, p) the cokernel of δ in M = (MK ,⊗K ,K). Recall that
(D∧
n
C , δn) := ker(p
⊗n∆n−1C )
for any n ∈ N\{0}, where ∆n : C → C⊗n+1 is the nth iterated comultiplication of C. By Proposition
1.10, there are suitable morphisms (ξji : D
∧iC → D∧
j
C )i,j∈N such that ((D
∧iC )i∈N, (ξ
j
i )i,j∈N) is a di-
rect system inM and (δn)n∈N is a compatible family. Moreover recall that D˜C = lim−→((D
∧iC )i∈N, (ξi)i∈N)
in M. By Lemma 5.1, C =
⋃
i∈N Im(δi). Let Di := Im(δi+1) and note that
Di =
{
c ∈ C | p⊗i+1∆iC(c) = 0
}
.
for any i ≥ 0. Note that
(35) Im(δ) = D0 ⊆ D1 ⊆ · · · ⊆ C.
By [Sw, Theorem 9.1.6, page 191], C is a filtered coalgebra, with coalgebra filtration given by (35)
so that, by [Sw, Proposition 11.1.1, page 226], we have that Corad(C) ⊆ D0. 
Theorem 5.3. Let M = (MK ,⊗K ,K) be the monoidal category of vector spaces over a field K,
let E be a coalgebra in M and let M be a vector space. The following assertions are equivalent for
a morphism g : E →M in M:
(i) g(Corad(E)) = 0.
(ii) There is a monomorphism δ : D → E which is a coalgebra homomorphism in M such that
D˜E = E and gδ = 0.
Proof. (i) =⇒ (ii) Choose D := Corad(E) and let δ : D → E be the canonical inclusion.
(ii) =⇒ (i) By Lemma 5.2, we have Corad(E) ⊆ Im(δ). 
Remark 5.4. By means of Theorem 2.15 and Theorem 5.3, in the particular case when M is
the category (MK ,⊗K ,K), of vector spaces over a field K, the universal property of our cotensor
coalgebra is equivalent to Nichols’s one.
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5.5. A monoidal functor between two monoidal categories (M,⊗,1, a, l, r) and (M′,⊗,1, a, l, r) is
a triple (F, φ0, φ2), where F : M→M
′ is a functor, φ0 : 1 → F (1) is an isomorphism such that
the diagrams
1⊗ F (U)
lF (U) ✲ F (U)
F (1)⊗ F (U)
φ0 ⊗ F (U)
❄
φ2(1, U)
✲ F (1⊗ U)
F (lU )
✻
F (U)⊗ 1
rF (U) ✲ F (U)
F (U)⊗ F (1)
F (U)⊗ φ0
❄
φ2(U,1)
✲ F (U ⊗ 1)
F (rU )
✻
are commutative, and φ2(U, V ) : F (U)⊗F (V )→ F (U ⊗V ) is a family of functorial isomorphisms
such that the following diagram
(F (U)⊗ F (V ))⊗ F (W )
φ2(U, V )⊗ F (W )✲ F (U ⊗ V )⊗ F (W )
φ2(U ⊗ V,W )✲ F ((U ⊗ V )⊗W )
F (U)⊗ (F (V )⊗ F (W ))
aF (U),F (V ),F (W )
❄
F (U)⊗ φ2(V,W )
✲ F (U)⊗ F (V ⊗W )
φ2(U, V ⊗W )
✲ F (U ⊗ (V ⊗W ))
F (aU,V,W )
❄
is commutative. A monoidal functor (F, φ0, φ2) is called strict if both φ0 and φ2 are identities.
The following Proposition states that the image of an (co)algebra through a monoidal functor
carries a natural (co)algebra structure.
Proposition 5.6. Let M and M′ be monoidal categories. Let (F, φ0, φ2), be a monoidal functor
between the categories M and M′. Then:
1) If (A,m, u) is an algebra in M, then (F (A),mF (A), uF (A)) is an algebra in M
′, where
mF (A) := F (A)⊗ F (A)
φ2(A,A)
−→ F (A⊗A)
F (m)
−→ F (A)
uF (A) := 1
′ φ0−→ F (1)
F (u)
−→ F (A).
Moreover F (f) : F (A) → F (B) is an algebra homomorphism in M′ whenever f : A → B is an
algebra homomorphism in M. The converse also holds true if F is faithful.
2) If (C,∆, ε) is a coalgebra in M, then (F (C),∆F (C), εF (C)) is a coalgebra in M
′, where
∆F (C) := F (C)
F (∆)
−→ F (C ⊗ C)
φ
−1
2
(C,C)
−→ F (C)⊗ F (C)
εF (C) := F (C)
F (ε)
−→ F (1)
φ
−1
0−→ 1′.
Moreover F (f) : F (C) → F (D) is a coalgebra homomorphism in M′ whenever f : C → D is a
coalgebra homomorphism in M. The converse also holds true if F is faithful.
Proof. follows directly from the definitions. 
Let K be a field. From now on MK will denote the category of vector spaces over K.
Theorem 5.7. Let (M,⊗,1) be a complete and cocomplete abelian monoidal category. Let K be
a field and let
(F, φ0, φ2) : (M,⊗,1)→ (MK ,⊗K ,K)
be an additive monoidal functor. Assume that:
(1) F is faithful.
(2) F preserves kernels and cokernels.
(3) F preserves denumerable products and coproducts.
Let C and E be coalgebras in M. Let fC : E → C be a coalgebra homomorphism and let
fM : E →M be a morphism of C-bicomodules, where E is a bicomodule via fC. Assume that
F (fM ) (Corad(F (E))) = 0.
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Then there is a unique coalgebra homomorphism f : E → T cC(M) such that p0f = fC and p1f =
fM , where pn : T
c
C(M)→M
n denotes the canonical projection.
T cC(M)
p1 ✲ M
C
p0
❄
✛
fC
E
fM
✻
✛.......................
f
Proof. In order to simplify the computations, we will omit the isomorphisms φ0, φ2.
For every object X ∈ M, we will denote by X ′ the vector space F (X) . Also, for every morphism
f ∈ M, we will denote by f ′ the K-linear map F (f) .
Recall that E′ and D′ carry the coalgebra structures described in Proposition 5.6.
Since F preserves denumerable coproducts and cokernels, it preserves denumerable direct limits
and finite coproducts so that
F [(T cC(M), (σn)n∈N)] = F
[
lim−→
(
(Cn(M))n∈N , (σ
n
m)m,n∈N
)]
= lim−→
(
(F [Cn(M)])n∈N , (F (σ
n
m))m,n∈N
)
= lim
−→
([
(C′)
n
(M ′)
]
n∈N
, (σnm)m,n∈N
)
.
Therefore we get (T cC(M))
′
= T cC′(M
′), that is the cotensor coalgebra in the category of vector
spaces of the C′-bicomodule M ′.
Now, by Proposition 5.6, f ′C : E
′ → C′ is a coalgebra homomorphism and f ′M : E
′ → M ′ is a
morphism of C′-bicomodules, where E′ is a bicomodule via f ′C . By hypothesis, f
′
M (Corad(E
′)) = 0.
By Theorem 5.3, there is a coalgebra D in MK and a monomorphism δ : D → E
′ which is a
coalgebra homomorphism in MK such that lim−→
D∧
n
E′ = E′ and f ′Mδ = 0.
By Theorem 2.15, there exists a unique coalgebra homomorphism g : E′ → T cC′(M
′) such that
p′0g = f
′
C and p
′
1g = f
′
M , where pn : T
c
C(M)→M
n denotes the canonical projection:
T cC′(M
′)
p′1 ✲ M ′
C′
p′0 ❄
✛
f ′C
E′
f ′M
✻
✛......................
g
We will prove that g = f ′ for a suitable morphism f : E → T cC(M) in M.
By construction (see (18)):
p′kg = (f
′
M )
k
∆
k−1
E′ for any k ∈ N.
Let
qk :
∏
n∈N
Mn →Mk
be the canonical projection and let
ω : T cC(M) =
⊕
n∈N
Mn →
∏
n∈N
Mn
be the diagonal morphism of the (pk)k∈N . This is uniquely defined by
qkω = pk, for every k ∈ N.
Since F preserves kernels and denumerable (co)products, it is clear that
ω′ : T cC′(M
′) =
⊕
n∈N
(M ′)
n
→
∏
n∈N
(M ′)
n
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is a monomorphism. Since F is faithful, we get that ω is a monomorphism too.
Let
α : E →
∏
n∈N
Mn
be the diagonal morphism of the
(
fkM ◦∆
k−1
E
)
k∈N
. This is uniquely defined by
qkα = f
k
M ◦∆
k−1
E , for every k ∈ N.
We have that
ω′g = α′.
In fact
q′kω
′g = (qkω)
′ g = p′kg = (f
′
M )
k
∆
k−1
E′ =
(
fkM ◦∆
k−1
E
)′
= (qkα)
′ = q′kα
′,
for every k ∈ N.
Let (Coker (ω) , τ) be the cokernel of ω in M. We have
(τα)′ = τ ′α′ = τ ′ω′g = (τω)′ g = 0.
Since F is faithful, we get τα = 0. Since ω is a monomorphism, it is clear that (T cC(M), ω) = Ker(τ).
By the universal property of kernels, there exists a unique morphism f : E → T cC(M) in M such
that
ωf = α.
We have
ω′f ′ = (ωf)
′
= α′ = ω′g.
Since ω′ is a monomorphism we get
f ′ = g.
By Proposition 5.6, we have that f is a coalgebra homomorphism.
It remains to prove that f is uniquely defined by the relations p0f = fC and p1f = fM . Let h be
another coalgebra homomorphism such that p0h = fC and p1h = fM . Then
p′0h
′ = f ′C = p
′
0g and p
′
1h
′ = f ′M = p
′
1g.
By uniqueness of g, we get
h′ = g = f ′.
Since F is faithful we conclude that h = f. 
5.8. LetH be a Hopf algebra over a fieldK. Consider the following examples of monoidal categories.
• The category HM = (HM,⊗K ,K), of all left modules over H . The tensor V ⊗W of two left
H-modules is an object in HM via the diagonal action; the unit is K regarded as a left H-module
via εH .
• The category HMH = (HMH ,⊗K ,K), of all two-sided modules over H . The tensor V ⊗W
of two H-bimodules carries, on both sides, the diagonal action; the unit is K regarded as a H-
bimodule via εH .
• The category HM = (HM,⊗K ,K), of all left comodules over H . The tensor product V ⊗W
of two left H-comodules is an object in HM via the diagonal coaction; the unit is K regarded as
a left H-comodule via the map k 7→ 1H ⊗ k.
• The category HMH = (HMH ,⊗K ,K) of all two-sided comodules over H . The tensor V ⊗W
of two H-bicomodules carries, on both sides, the diagonal coaction; the unit is K regarded as a
H-bicomodule via the maps k 7→ 1H ⊗ k and k 7→ k ⊗ 1H .
• The category HHYD = (
H
HYD,⊗K ,K) of left Yetter-Drinfeld modules over H . Recall that an
object V in HHYD is a left H-module and a left H-comodule satisfying, for any h ∈ H, v ∈ V , the
compatibility condition:∑
(h(1)v)<−1>h(2) ⊗ (h(1)v)<0> =
∑
h(1)v<−1> ⊗ h(2)v<0>
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or, equivalently,
ρ(hv) =
∑
h(1)v<−1>S(h(3))⊗ h(2)v<0>,
where ∆H (h) =
∑
h(1) ⊗ h(2) and ρ (v) =
∑
v<−1> ⊗ v<0> denote the comultiplication of H and
the left H-comodule structure of V respectively (we used Sweedler notation).
The tensor product V ⊗W of two Yetter-Drinfeld modules is an object in HHYD via the diagonal
action and the codiagonal coaction; the unit in HHYD is K regarded as a left H-comodule via the
map x 7→ 1H ⊗ x and as a left H-module via the counit εH .
Let M denote one of the categories above and let F : M→ MK be the forgetful functor. Then
Theorem 5.7 applies.
5.9. Let (H,φ) be a quasi-Hopf algebra over a field K. Then the category of right H-modules MH
is a monoidal category. By [Maj, Example 9.1.4, page 422], the forgetful functor MH → MK is
monoidal if and only if H is twisted-equivalent to an ordinary Hopf algebra. Therefore theorem 5.7
does not apply in general to MH . Anyway Theorem 2.15 still holds. In fact, since H is in particular
an ordinaryK-algebra, it is clear thatMH is a cocomplete and complete abelian monoidal category
satisfying AB5.
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